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ABSTRACT 


The  purpose  of  this  study  v/as  to  construct  subject-specific 
(divergent  thinking)  creativity  tests  in  mathematics  for  certain 
Grade  XI  students  in  the  Edmonton  Public  School  system,  who  were 
taking  part  in  an  experiment  in  which  two  teaching  methods  were  be¬ 
ing  investigated — a  specific  discovery  method  and  a  specific  exposi¬ 
tory  method — and  to  determine  the  relative  effectiveness  of  the  two 
methods  in  terms  of  (divergent  thinking)  creativity  in  mathematics. 
The  specific  discovery  method  was  termed  a  mathematizing  method. 

The  study  was  part  of  a  group  project  in  discovery/expository 
teaching,  conducted  during  the  1967/1968  academic  year  by  a  team  of 
investigators  who  were  all  members  of  the  Mathematics  Education 
Division  of  the  University  of  Alberta.  The  nine  teachers  who  took 
part  in  the  project  were  from  six  high  schools  in  the  Edmonton 
Public  School  system.  The  students  were  taught  linear  and  quadratic 
equations  for  a  period  of  about  seven  weeks.  This  study  was  con¬ 
cerned  with  231  students  taught  by  five  of  the  teachers  in  four  of 
the  high  schools.  Of  these  students.  111  were  in  mathematizing 
classes,  and  120  in  expository  classes.  Each  of  the  teachers  in 
this  study  taught  two  classes,  using  the  mathematizing  method  in 
one  and  the  expository  method  in  the  other.  The  four  schools  were 
located  in  attendance  areas  that,  taken  as  a  whole,  included  stu¬ 
dents  whose  socio-economic  background  differed  widely.  The  order 
of  teaching  was  random,  and  the  assignment  of  treatment  to  class 


was  done  on  a  random  basis. 


iv 


The  investigator  constructed  subject-specific  divergent  think¬ 
ing  tests  designed  to  test  for  the  divergent  thinking  abilities  of 
fluency,  flexibility,  and  originality.  The  original  draft  of  the 
tests  was  evaluated  by  a  reference  group  of  university  professors 
and  graduate  students,  and  the  final  form  of  the  tests  was  based  on 
the  items  that  had  received  maximum  approval.  Pilot  studies  were 
carried  out  on  the  tests  and  estimates  of  reliabilities  were  obtained 
using  analysis  of  variance  techniques. 

The  subjects  were  pre-  and  post-tested  on  forty-minute  tests 
developed  by  the  investigator  and  administered  by  the  respective 
teachers.  Scores  were  obtained  on  four  divergent  thinking  criteria 
— fluency,  flexibility,  originality,  and  total  response,  the  total 
response  scores  being  the  unweighted  sum  of  the  fluency,  flexibility, 
and  originality  scores.  For  each  criterion,  the  pre-test  scores 
were  used  as  a  covariate  for  the  stratification  of  the  subjects  into 
four  well  defined  pre-treatment  classification  levels.  The  levels 
were  described  as  Pre-high,  Pre-high-medium,  Pre-low-medium,  and 
Pre-low.  A  two  factor  analysis  of  variance,  using  the  methods  as 
one  factor  and  the  pre-treatment  classification  levels  as  the  other, 
was  performed  on  the  post-test  scores  to  test  the  relevant  hypo¬ 
theses.  It  was  found  that  for  each  divergent  thinking  criterion, 
the  hypothesis  that  the  treatment  effects  of  the  methods  were  inde¬ 
pendent  of  the  effects  of  the  pre-treatment  classification  levels 
was  tenable  within  a  .01  level  of  significance.  It  was  also  found 
that  for  each  divergent  thinking  criterion,  the  treatment  effects 
of  the  expository  method  were  significantly  superior  to  the  treat¬ 
ment  effects  of  the  mathematizing  method. 
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CHAPTER  I 


INTRODUCTION  TO  THE  PROBLEM 


1.1  INTRODUCTION 


Learning  by  discovery  has  been  closely  linked  by  some 
writers  with  encouraging  creativity  in  the  schools.  Christof- 
f erson  writes : 

Providing  experience  in  which  the  child  is  led  to  discover, 
to  create,  to  figure  out  largely  by  his  own  efforts  many 
ideas,  principles,  or  relationships  rather  than  being  told 
them,  is  coming  to  have  first  place  in  teaching,  not  only 
in  mathematics  but  in  many  other  areas  as  well.  The  word 
best  suited  to  describe  this  way  of  directing  learning  has 
not  yet  evolved.  Some  have  recently  called  it  "Develop¬ 
mental  Teaching";  more  recently  and  perhaps  more  widely  in 
mathematical  literature  it  has  been  designated  as  "Discovery 
Teaching" . 1 

Hilda  Taba  urges  that: 

If  education  is  to  serve  an  unpredictable  future,  it  is 
important  to  cultivate  the  type  of  mental  processes  which 
will  strengthen  the  capacity  to  transfer  knowledge  to  new 
situations,  the  creative  approaches  to  problem  solving,  and 
the  methods  of  learning  by  discovery. ^ 

Hohn  writes  about  moments  of  discovery  in  the  classroom  which 

provide  a  supreme  chill  of  creative  accomplishment,  that  only 

3 

those  who  have  experienced  it  can  understand.  Jackson  writes 

of  Seventh  Grade  School  Mathematics  Study  Group  material  which 

4 

can  be  used  to  stimulate  creative  thinking  and  discovery. 

However,  the  claim  of  high  correlation  between  creative 
thinking  and  discovery  methods  has  not  gone  unchallenged.  Ausubel 
challenges  the  "currently  fashionable  educational  doctrine  giving 


2 


support  to  the  discovery  method  movement  .  .  .  that  the  school  can 
make  every  child  a  creative  thinker."  He  concludes  that  the  idea 
rests  on  questionable  assumptions.  He  criticizes  Hohn’s  use  of 
the  term  "creativity"  as  typical  of  a  prevailing  tendency  in 
"discovery"  circles  to  "democratize"  the  meaning  of  the  concept. 
"It  is  totally  unrealistic,"  in  Ausubel's  opinion,  "to  suppose 
that  even  the  most  ingenious  techniques  we  could  devise  could 
stimulate  creative  accomplishment  in  children  of  average  endow¬ 
ment  . 

Nevertheless,  it  has  been  claimed  that  it  is  possible  to 
encounter  and  encourage  creativity  in  the  classroom.  Robert  Davis 
reports  on  creative  encounters  in  the  classroom  in  one  of  which  a 
third  grade  boy  produced  an  algorithm  for  subtracting  that  was 
"in  many  ways  the  nicest  algorithm  for  subtracting  that  I  have 
ever  seen  .  .  .  and  it  was  invented  by  a  boy  in  the  third  grade. 

In  d  iscussing  the  point  in  an  article  in  The  Arithmetic  Teacher , 
Davis  further  comments  that  the  boy  could  not  possibly  have 
invented  his  algorithm  if  he  had  not  previously  acquired  profi¬ 
ciency  in  the  arithmetic  of  signed  numbers.  "The  early  intro¬ 
duction  of  important  ideas  does  not  merely  aid  Z earning  ...  it 
also  facilitates  creativity . "^  L.  Edwin  Hirshi  experimented  with 
a  method  which  he  found  encouraged  creativity,  and  he  thinks  that 
"the  teacher  often  finds  himself  struggling  for  survival,  when  he 
should  be  pushing  back  frontiers,  opening  doors,  and  evidencing 

g 

excitement  over  creative  thought."  Lawrence  K.  Downey  writes  of 


' 
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the  lecture  as  a  "learning  situation  in  which  the  teacher  attempts 

to  hold  before  learners  ideas  that  will  cause  them  to  engage  in 

9 

creative,  critical  thought." 

It  has  been  suggested  that  in  terms  of  meaningful  learning, 
discovery  methods  may  not  be  the  best  way  of  teaching  adolescents. 
Ausubel  feels  that  "after  the  elementary  school  years,  verbal 
reception  learning  constitutes  the  most  effective  method  of  meaning 
fully  assimilating  the  substantive  content  of  a  discipline . 

He  suggests  that  "in  the  early,  unsophisticated  stages  of  learning 
any  subject  matter,  particularly  prior  to  adolescence,  the  dis¬ 
covery  method  is  extremely  useful."^ 

The  literature  cited  above  suggests  that  there  is  a  wide 
difference  in  opinion  as  to  the  effectiveness  of  "discovery" 
methods  in  fostering  creativity,  particularly  in  the  adolescent. 
This  difference  of  opinion  is  suggestive  of  the  need  for  careful 
controlled  research  on  many  related  problems.  One  such  problem 
is  to  investigate  the  relative  effectiveness  of  discovery  versus 
expository  methods  in  the  Senior  High  school  in  terms  of  creativity 
In  such  an  investigation,  some  information  may  be  obtained  about 
the  relative  effectiveness  of  two  of  the  most  widely  used  teaching 
methods  in  terms  of  specific  outcomes,  where  the  study  is  conducted 


among  adolescents. 
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1.2  THE  PROBLEM  AND  ITS  SIGNIFICANCE 

The  problem  was  (a)  to  construct  suitable  test  instruments 
which  would  differentiate  the  effects  of,  and  (b)  to  determine  the 
relative  effects  of,  two  methods  of  teaching — a  specific  discovery- 
method  and  a  specific  expository  method — at  the  Senior  High  School 
Grade  Eleven  level,  in  terms  of  (divergent  thinking)  creativity  in 
mathematics . 

Results  from  a  number  of  discovery/expository  research 
projects  have  been  difficult  to  interpret  because  the  "discovery" 
and  "expository"  methods  investigated  have  not  been  consistently 
or  clearly  defined.  Various  methods  which  are  evidently  different 
from  each  other  have  been  referred  to  as  "discovery".  Likewise, 
various  dissimilar  methods  have  been  called  "expository".  One 
major  shortcoming  of  some  research  has  been  that  whereas  much  time, 
money,  and  effort  have  usually  been  spent  in  developing  the  dis¬ 
covery  materials,  little  has  usually  been  done  in  developing 
materials  for  the  control  group. 

Major  problems  therefore  in  this  investigation  were: 

(i)  to  define  clearly  a  discovery  and  an  expository  method; 

(ii)  to  develop  suitable  materials  for  the  teaching  of  the 
methods; 

(iii)  to  provide  adequate  training  for  the  teachers  to  teach  the 
methods ; 

(iv)  to  develop  creativity  test  instruments,  specifically  based 
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on  the  subject  matter  as  learned  by  the  subjects  before  and 
during  the  experiment,  such  that  the  tests  would  differen¬ 
tiate  the  effects  of  the  two  methods. 

The  above  were  a  few  of  the  problems  encountered  by  a  team 
of  investigators  who  carried  out  a  group  investigation  in  discovery/ 
expository  teaching  during  the  1967/1968  academic  year.  The 
investigators  were  all  members  of  the  Mathematics  Education  Divi¬ 
sion  of  the  Department  of  Secondary  Education  of  the  University  of 
Alberta.  The  discovery  materials  were  developed  by  Mr.  Ross 
Johnson  and  Dr.  S.  E.  Sigurdson,  the  expository  materials  by  Dr. 
Thomas  E.  Kieren.  Mr.  Gerald  Tobert  investigated  the  relative 
effects  of  the  methods  with  respect  to  achievement,  and  also 
studied  the  pupil-teacher  classroom  interaction.  Mr.  William  Naciuk 
investigated  the  effects  of  the  inservice  training  programme,  and 
the  effectiveness  of  the  teachers  in  teaching  two  distinct  methods. 
Mr.  James  Vance  studied  the  students’  attitudes  and  reactions,  and 
the  investigator  in  this  study  studied  the  relative  effects  of  the 
methods  in  terms  of  creativity. 

The  study  reported  here  was  intended  to  provide  some  infor¬ 
mation  about  the  relative  strengths  and  weaknesses  of  two  important 
teaching  methods  in  terms  of  specific  criteria.  As  part  of  a  group 
study,  this  study  was  intended  to  complement  the  other  aspects  of 
the  group  study,  and  to  provide  data  for  a  deeper  understanding  of 
the  nature  and  consequences  of  each  method. 
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Any  method  which  could  be  shown  to  result  consistently  in 
encouraging  creativity  in  mathematics  would  be  of  considerable 
interest  to  many  who  consider  creativity  in  mathematics  to  be  of 
pressing  importance.  The  large  amounts  of  effort  and  money  put  in 
school  mathematics  programmes  within  the  last  decade  is  symptomatic 
cf  the  recent  widespread  importance  placed  on  the  teaching  and 
learning  of  mathematics.  A  method  which  could  develop  productive 
thinkers  in  mathematics,  should  be  of  great  importance  in  a  field 
of  study  which  is  acknowledged  to  be  of  vital  importance. 

There  are  many  examples  of  young  people  at  school  who  have 

shown  great  promise  in  mathematics  as  evidenced  by  their  school 

productions.  In  a  lead  paper  to  a  recent  Commonwealth  Conference 

on  Mathematics  in  Schools,  Miss  E.  E.  Biggs,  a  United  Kingdom 

Inspector  of  Schools,  gave  an  example  of  a  ten  year  old  boy  named 

Peter  "whose  I.Q.  was  said  to  be  110  and  who  would  not  normally 

have  been  transferred  to  one  of  our  grammar  schools"  who,  encouraged 

by  his  teacher,  "discovered  the  calculus  (both  integral  and  dif- 
12 

ferential)."  Robert  Davis’s  example  of  the  third  grade  boy, 

Kye,  and  the  early  discoveries  of  mathematicians  like  Gauss  and 
Galois,  are  examples  of  creative  ability  in  youth.  It  is  signi¬ 
ficant  to  observe  whether  certain  teaching  methods  could  help  to 
uncover  creative  potential,  especially  if  some  who  are  potentially 
able  are  in  danger  of  being  discouraged  out  of  mathematics. 

In  discussing  the  social  importance  of  creativity,  J.  P. 
Guilford,  in  his  1950  presidential  address  to  the  American 
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Psychological  Association,  maintained  that  the  enormous  economic 

value  of  new  ideas  was  generally  recognized.  "One  scientist  or 

engineer  discovers  a  new  principle  or  develops  a  new  process  and 

revolutionizes  an  industry  while  dozens  of  others  merely  do  a 

13 

passable  job  on  the  routine  tasks  assigned  to  them."  Writing 
some  years  later  about  the  reaction  to  his  work  on  creativity 
presented  in  1950,  Guilford  expressed  amazement  at  the  evidence 
of  widespread  interest  in  the  subject  of  creativity,  and  he  gave 
as  possible  reasons  for  this  "undercurrent  of  need  felt  for 
creative  performance",  that  "we  are  in  a  mortal  struggle  for  our 

way  of  life  in  this  world",  and  that  the  space  age  may  also  be  a 

14 

contributory  cause.  What  Guilford  and  others  consider  as  the 
importance  of  creativity  in  broad  terms,  may  be  applied  to  creati¬ 
vity  in  mathematics.  Harold  Harding  has  given  three  reasons  why  a 
more  creative  trend  is  needed  in  American  education.  First, 
creativity  is  not  receiving  the  attention  it  deserves  in  educa¬ 
tional  institutions;  second,  "we  are  now  faced  as  never  before  with 
a  world  of  vastly  more  complex  problems — and  there  are  not  nearly 
enough  able,  ready  and  willing  problem  solvers";  third,  "the 
main  business  of  American  Education,  ...  is  training  the  mind. 

The  main  functions  of  the  Universities  is  to  provide  the  atmos¬ 
phere  for  scholars  and  students  to  work  with  ideas  creatively 
together.  I  earnestly  believe  that  creativity,  originality,  and 
inventiveness  are  the  prime  requisites  for  the  crucial  tasks  of 
training  the  mind".^ 
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Others  like  E.  Paul  Torrance, ^  Victor  Lowenf eld , ^ ,  and 
18 

Alex  F.  Osborn,  have  stressed  the  importance  of  creativity  and 
creative  education. 

Any  method  that  could  be  consistently  shown  to  enhance 
creativity  should  be  of  much  significance  and  importance  in  a 
field  that  is  considered  to  be  vital. 

1.3  DEFINITION  OF  SOME  BASIC  TERMS 

19 

1.3-1  Mathematizing  Method — Treatment  M 

This  is  a  form  of  discovery  teaching.  It  includes  the 
following  four  stages: 

Stage  One .  A  period  of  uninhibited  exploration  of  a  problem 
situation  on  the  part  of  the  pupils. 

Stage  Two .  A  period  of  "brainstorming"  in  which  the 
teacher  acts  as  a  moderator  and  a  scribe.  Each  suggestion  and 
attempt  at  a  hypothesis  is  accepted  without  evaluation.  Every 
statement  by  the  pupils  is  to  be  rewarded  by  the  teacher  as  con¬ 
tributing  to  the  learning  process. 

Stage  Three.  Hypothesis  Testing.  The  teacher  initiates 
questions  and  problems  which  will  enable  students  to  test  out  their 
hypotheses . 

Stage  Four .  Summing  Up.  This  is  a  period  of  summing  up 
of  the  precise  mathematical  principles  involved  in  the  preceding 
stages.  Here  the  student  is  made  fully  aware  of  the  present  day 
conventions  and  language. 
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1.3-2  Expository  Method — Treatment  E 

This  is  a  form  of  expository  teaching.  The  underlying 
philosophy  is  that  there  are  definite  answers  to  problem  situa¬ 
tions,  and  best  methods  of  bringing  these  out.  The  teacher  is 
the  agent  with  these  answers  and  he  gives  clear  expositions, 
generally  in  lessons  which  are  neat  packages  lasting  a  period, 
while  the  student  looks,  thinks,  and  acts. 

The  presentation  of  the  lesson  is  basically  that  of  a 
lecture  or  structured  discussion,  accompanied  by  visual  materials 
and  easily  noted  important  points  or  rules.  If  the  teacher  wishes 
to  develop  and  expose  pattern  notions,  he  chooses  the  pattern, 
while  the  student  fills  in  with  the  teacher  controlling  any  dis¬ 
cussion  . 

The  teacher  always  states  an  idea  in  detail,  even  giving 
key  ideas.  He  structures  the  work  of  the  students,  uses  organiz¬ 
ing  principles  or  ideas,  gives  rules  or  conclusions,  and  always 
gives  homework  which  should  afford  practice  and  application  of  the 
rules  or  conclusions.  He  never  gives  open  ended  assignments. 

The  teacher  accepts  and  answers  questions,  asks  answerable 
questions,  and  tries  to  obtain  clear,  precise  answers.  He  evalu¬ 
ates  student  responses,  always  highlighting  good  responses.  He 
always  summarizes  student  responses  with  a  rule  or  method  which 
he  labels  as  best.  He  tries  always  to  encourage  the  use  of  this 


"best"  method . 
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1.3- 3  Divergent  Thinking 'Creativity  In  Mathematics 

The  ability  to  use  the  imagination  in  problem  solving, 

20 

"where  there  is  no  one  correct  or  acceptable  best  answer,"  is 
defined  as  divergent  thinking  creativity  in  mathematics. 

1.3- 4  Divergent  Thinking  Ability 

For  the  purposes  of  this  study  the  above  will  be  a  term  for 
fluency,  flexibility,  originality,  or  total  response. 

1.4  MAJOR  HYPOTHESES 

The  hypotheses  of  major  interest  are:  (1)  Treatment 
effects  of  the  methods  are  independent  of  the  effects  of  the 
pre-treatment  classification  levels  for  each  divergent  thinking 
ability;  and  (2)  There  is  no  significant  difference  between  the 
treatment  effects  for  the  mathematizing  group  and  the  expository 
group,  in  terms  of  each  divergent  thinking  ability. 

1.5  CONTEXT  OF  INVESTIGATION 

1.5-1  Context 

The  study  is  part  of  a  group  project  in  discovery/exposi- 
tory  research,  supervised  by  Dr.  S.  E.  Sigurdson  and  Dr.  T.  Kieren 
of  the  Mathematics  Education  Division  of  the  Department  of  Secondary 
Education  of  the  University  of  Alberta.  The  nine  teachers  who 
took  part  in  the  project  were  from  six  high  schools  in  the  Edmonton 
Public  School  system.  This  study  is  concerned  with  231  students 
taught  by  five  of  these  teachers  in  four  of  the  high  schools.  The 
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teachers  attended  inservice  training  sessions,  and  discussed  the 

teaching  materials  and  methods  to  be  used  which  were  prepared 

and  specified  by  the  investigators.  Detailed  information  on  the 

inservice  programme  and  its  effects  may  be  obtained  from  the 
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Master  in  Education  thesis  of  W.  Naciuk,  one  of  the  investigators. 
Five  graduate  students  were  involved  in  research  and  investigation 
in  connection  with  the  project.  The  aspects  studied  were,  the 
mathematizing  mode,  student  factors,  the  inservice  programme, 
achievement,  and  creativity.  The  writer  was  responsible  for  the 
investigation  on  creativity. 


1.5-2  Rationale. 

The  group  project  may  be  appraised  within  a  context  of  some 
criticisms  on  discovery  learning  investigations.  Cronbach  has 
called  for  a  search  for  "limited  generalizations"  in  the  problem 
of  determining  effects  in  discovery  experimentation.  He  maintains 
that 


In  spite  of  the  confident  endorsements  of  teaching  through 
discovery  that  we  read  in  semi-popular  discourses  on  improving 
education,  there  is  precious  little  substantiated  knowledge 
about  what  advantages  it  offers,  and  under  what  conditions 
these  advantages  accrue. 22 

His  suggestions  for  the  form  of  a  search  for  limited  generalizations 

is  connected  with  his  hypothesis  that 

When  the  research  is  in  it  will  tell  us,  I  suspect,  that 
inductive  teaching  has  value  in  nearly  every  area  of  the 
curriculum,  and  also  that  its  function  is  specialized  and 
limited.  The  task  of  research  is  to  define  that  proper 

place  and  function. 23 
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He  suggests  that  the  search  be  of  the  following  form: 

With  subject  matter  of  this  nature, 
inductive  experience  of  this  type, 
in  this  amount, 

produces  this  pattern  of  responses,  ^4 
in  pupils  at  this  level  of  development. 

Cronbach  thus  emphasizes  generalizations  based  on  (1)  specific 

subject  matter,  (2)  specific  type  of  training,  (3)  specific  amount 

of  inductive  experience,  (4)  specific  pattern  of  responses,  and 

(5)  specific  classifications  of  pupils. 

Discovery  investigations  and  comments  on  the  advantages  of 
learning  by  discovery,  have,  been  open  to  criticism  because  of  fail¬ 
ure  to  be  sufficiently  specific  on  what  has  really  been  found  out 
for  the  method  used.  Wittrock  concludes  that  "The  literature  is 
fraught  with  conceptual  issues,  methodological  problems,  and 

25 

semantic  inconsistencies  in  the  uses  of  the  word  discovery." 
Wittrock  also  discusses  some  of  the  problems  and  different  uses 
of  the  term  "discovery". 

Attempts  have  been  made  in  the  present  group  project  to  be 
specific  on  what  is  being  investigated.  The  "discovery"  method 
has  been  specified  and  called  a  "mathematizing"  method.  It  has 
been  defined  in  terms  of  operations  in  the  classroom,  and  no  claim 
is  made  that  the  method  will  or  will  not  result  in  ability  to 
perform  acts  of  discovery.  The.  expository  method  has  also  been 
defined,  and  no  claim  is  made  that  the  method  will  or  will  not 
result  in  the  ability  to  perform  acts  of  discovery.  Attempts 
were  made  to  specify  the  types  and  amounts  of  learning  experiences 
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that  the  students  received.  The  teachers  attended  an  inservice 
training  where  they  were  given  specific  training  and  instructions. 
Specific  criteria  have  been  investigated,  namely,  achievement, 
creativity,  student  reactions,  and  effectiveness  of  the  inservice 
training  for  the  teachers. 

1.6  OUTLINE  OF  THESIS 

The  present  chapter  is  an  introduction  to  the  thesis.  There 
is  a  review  of  some  related  literature  in  the  second  chapter.  The 
third  chapter  contains  the  design  of  the  study,  and  the  fourth 
chapter  describes  the  test  instruments,  their  construction  and 
validation.  Analyses  of  data  and  corresponding  results  are 
reported  in  the  fifth  chapter.  In  the  final  chapter  a  summary  is 
included,  and  the  results  of  the  study  are  discussed.  The  thesis 
closes  with  an  account  of  various  problems  that  may  be  suitable 


for  further  study. 


FOOTNOTES  FOR  CHAPTER  I 


H.  C.  Christoff erson,  "Creative  Teaching  in  Mathematics," 

The  Mathematics  Teacher ,  LI  (November,  1958),  535. 

2 

Hilda  Taba,  Curriculum  Development :  Theory  and  Practice 

(New  York:  Harcourt,  Brace  and  World,  Inc.,  ] 962) ,  p.  275. 

3 

F.  E.  Hohn,  "Teaching  Creativity  in  Mathematics,"  The 
Arithmetic  Teacher ,  VIII  (March,  1961),  104. 

^Humphrey  C.  Jackson,  "Creative  Thinking  and  Discovery," 

The  Arithmetic  Teacher ,  VIII  (March,  1961),  111. 

^David  P.  Ausubel,  "Some  Psychological  and  Educational 
Limitations  of  Learning  by  Discovery,"  The  Arithmetic  Teacher ,  XI 
(May,  ]  964) ,  301 . 

g 

Robert  B.  Davis,  "Discovery  in  the  Teaching  of  Mathematics," 
Learning  by  Discovery,  a  Critical  Appraisal ,  Lee  S.  Shulman  and 
Evan  R.  Keislar,  editors  (Chicago:  Rand  McNally  and  Company, 

1966),  p.  121. 

^Robert  B.  Davis,  "The  Next  Few  Years,"  The  Arithmetic 
Teacher,  XIII  (May,  1966),  360. 

g 

L.  Edwin  Hirschi,  "Encouraging  Creativity  in  the  Mathematics 
Classroom,"  The  Mathematics  Teacher,  LVI  (February,  1963),  79. 

9 

Lawrence  K.  Downey,  The  Secondary  Phase  of  Education 
(New  York:  Blaisdell  Publishing  Company,  1965),  p.  166. 

■*"%avid  P.  Ausubel,  Educational  Psychology ,  A  Cognitive  View 
(New  York:  Holt,  Rinehart  and  Winston,  Inc.,  1968),  p.  483. 


11 


Ibid.  ,  p .  472 . 


12 

E.  E.  Biggs,  The  Teaching  of  Mathematics  at  Primary 
School  (Lead  Paper,  CMS  [68]  P2,  May,  1968,  Commonwealth  Conference 
on  Mathematics  in  Schools,  Commonwealth  Secretariat,  London,  S.W.l), 
pp  .  18 ,  19  . 


15 


J.  P.  Guilford,  "Creativity,"  American  Psychologist V 
(September,  1950),  p.  446. 

14 

J.  P.  Guilford,  "Traits  of  Creativity,"  Creativity  and 
its  Cultivations  Harold  H.  Anderson,  editor  (New  York  and  Evanston: 
Harper  and  Row,  1959),  pp.  142,  143. 

"^Harold  F.  Harding,  "The  Need  for  a  More  Creative  Trend  in 
American  Education,"  A  Source  Book  for  Creative  Thinkings  Sidney 
J.  Parnes  and  Harold  F.  Harding,  editors  (New  York:  Charles 
Scribner's  Sons,  1962),  pp .  4,  5. 

^As  for  example  in  E.  Paul  Torrance,  "Developing  Creative 
Thinking  Through  School  Experiences,"  A  Source  Book  for  Creative 
Thinkings  Sidney  J.  Parnes  and  Harold  F.  Harding,  editors  (New 
York:  Charles  Scribner's  Sons,  1962),  p.  32. 


As  for  example  in  Viktor  Lowenfeld,  "Creativity:  Educa¬ 
tion's  Stepchild,"  A  Source  Book  for  Creative  Thinkings  Sidney  J. 
Parnes  and  Harold  F.  Harding,  editors  (New  York:  Charles  Scrib¬ 
ner's  Sons,  1962),  pp .  10  -  17. 

18 

As  for  example  in  Alex  F.  Osborn,  Applied  Imagination 
(New  York:  Charles  Scribner's  Sons,  1957),  pp .  1  -  13. 


An  extensive  description  of  the  mathematizing  method  as 
developed  and  taught  is  given  in  Ross  J.  Johnson,  "The  Mathema¬ 
tizing  Mode,"  (unpublished  Master's  thesis.  University  of  Alberta, 
Edmonton,  1968) . 

20 

E.  Paul  Torrance,  Rewarding  Creative  Behavior:  Experiments 
in  Classroom  Creativity  (Englewood  Cliffs,  New  Jersey:  Prentice- 
Hall,  Inc.,  1965),  p.  109. 


W.  Naciuk,  "An  Analysis  of  the  Effectiveness  of  a  Methods 
In-service  Program  for  Certain  Teachers  of  Mathematics  20," 
(unpublished  Master's  thesis,  The  University  of  Alberta,  Edmonton, 
1968)  . 


Lee  J.  Cronbach,  "The  Logic  of  Experiments  on  Discovery," 
Leaiming  by  Discovery 3  a  Critical  Appraisal ,  Lee  S.  Schulman  and 

Evan  P..  Keislar,  editors  (Chicago:  Rand  McNally  and  Company,  1966), 

p .  76. 


16 


23 Ibid. 

UIbid.3  p.  77. 

25 

M.  C.  Wittrock,  "The  Learning  by  Discovery  Hypothesis," 
Learning  by  Discovery 3  a  Critical  Appraisal 3  Lee  S.  Schulman  and 
Evan  R.  Keislar,  editors  (Chicago:  Rand  McNally  and  Company,  1966), 
p .  42 . 


26 


Ibid. 3  pp.  42  -  75. 


CHAPTER  II 


REVIEW  OF  SOME  RELATED  LITERATURE 

2.1  INTRODUCTION 

Although  there  have  been  a  number  of  controlled  studies 
comparing  the  effects  of  discovery  and  expository  methods  in 
mathematics,  the  investigator  has  been  unable  to  find  any  controlled 
experimental  study  in  which  the  effects  of  the  two  methods  have  been 
compared  specifically  in  terms  of  creativity  in  mathematics.  There 
appears  to  be  little  evidence  of  the  effects  of  teaching  methods 
on  creative  thinking  in  mathematics,  as  measured  in  controlled 
experimental  situations.  There  have  been  many  reports  of  creative 
encounters  in  the  classroom,  and  references  have  been  made  to  some 
of  these  in  the  preceding  chapter.  However,  the  creativity  so 
reported  has  not  been  precisely  measured.  Readers  of  the  accounts 
have  apparently  been  expected  to  recognize  the  student  responses 
as  being  creative. 

The  comparison  reported  in  this  study  of  two  groups  with 
respect  to  (divergent  thinking)  creativity  in  mathematics,  depends 
on  the  identification  and  measurement  of  creativity.  In  this 
chapter,  some  definitions  of  and  criteria  for  creativity  will  be 
considered,  the  research  and  findings  of  J.  P.  Guilford  and  his 
associates  on  the  psychometrics  of  creativity  will  be  reviewed, 
some  tests  in  which  the  principles  of  measuring  creativity  have 
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been  applied,  with  special  reference  to  applications  in  mathe¬ 
matics,  will  be  discussed,  and  finally,  the  chapter  will  end  with 
some  conclusions  from  the  literature  with  special  reference  to  the 
tests  of  the  study. 


2.2  SOME  DEFINITIONS  AND  CRITERIA  FOR  CREATIVITY 


One  of  the  most  common  criteria  for  creativity  mentioned  by 

writers  and  researchers  is  novelty.  George  F.  Kneller  feels  that 

"any  definition  of  creativity  must  include  the  essential  elements 

of  novelty.""'"  E.  Paul  Torrance  writes  that  his  definition  of 

creativity  implies  "the  creation  of  something  new": 

We  have  defined  creativity  quite  simply  as  "the  process 
of  forming  ideas  or  hypotheses,  testing  hypotheses,  and  com¬ 
municating  the  results."  Implied  in  this  definition  is  the 
creation  of  something  new,  something  one  has  never  before 
seen  or  something  which  has  never  before  existed. ^ 

Carl  Rogers  also  considers  novelty  a  necessary  criterion  for 

creativity.  He  defines  the  creative  process  as 

the  emergence  in  action  of  a  novel  relational  product,  growing 
out  of  the  uniqueness  of  the  individual  on  the  one  hand,  and 
the  events,  people  or  circumstances  of  his  life  on  the  other. ^ 

Rogers  considers  that  the  process  must  result  in  some  observable 

product  and  "these  products  must  be  novel  constructions."^ 

Novelty  may  not  mean  the  same  thing  to  different  persons, 

and  as  such  needs  a  clear  definition.  On  the  one  hand,  it  may  be 

argued  that  every  product  is  novel,  using  an  argument  similar  to 

the  "you  cannot  jump  into  the  same  stream  twice"  argument.  On  the 

other  hand,  one  can  argue  that  "there  is  nothing  new  under  the  sun" 
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since  the  components  of  every  novel  product  may  be  traced  to 
previously  existing  elements.  Morris  I.  Stein,  while  considering 
novelty  as  the  kernel  of  creativity,  explains  what  he  means  by 
"novel". 


By  "novel"  I  mean  that  the  creative  product  did  not  exist 
previously  in  precisely  the  same  form.  It  stems  from  re¬ 
integration  of  already  existing  materials  of  knowledge,  but 
when  it  is  completed,  it  contains  elements  that  are  new.  The 
novelty  of  the  work  depends  on  the  degree  to  which  it  deviates 
from  that  which  exists.^ 

Like  many  other  writers,  Stein  considers  novelty  as  only 
one  of  the  essential  criteria.  The  creative  work  should  also  be 


accepted  as  tenable  or  useful  or  satisfying  to  a  significant  group 
of  others. ^  This  is  similar  to  the  point  of  view  of  J.  S.  Bruner 
who  defines  the  creative  act  as  "effective  surprise — the  production 
of  novelty."^  The  problem  of  "who  is  surprised  by  effective 
surprise"  is  answered  by  Bruner:  "those  who  are  prepared  to  be, 
for"  continues  Bruner,  "it  takes  preparation — be  it  in  mathematics, 
science  or  art — to  discern  what  is  trivial  improbability  and  what 
is  effective  surprise."^ 

Not  all  writers  consider  novelty  a  necessary  condition  for 
creativity.  Mary  Henle,  while  conceding  that  "novelty  is  fre¬ 
quently  considered  a  characteristic  of  the  creative  solution"  does 
not  consider  novelty  an  absolute  necessity; 

And  yet  novelty  as  such  is  neither  a  necessary  nor  a  suf¬ 
ficient  condition  of  creativeness  in  thinking.  The  process 
of  truly  understanding  another’s  solution  to  a  problem  seems 
to  be  similar  to  that  of  finding  a  solution  oneself  .  .  .  The 
chief  difference  seems  to  be  that  in  the  one  case  the  solution 
arises  from  outside,  while  in  the  other  it  arises  from  within 
oneself . 9 
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Henle,  however,  adds  as  a  footnote  that  following  the  thinking  of 

another  person  is  novel  for  the  learner  himself.  "It  is  only  in  an 

historical  sense  that  novelty  is  absent;  the  process  is  still  new 

although  achievement  of  the  solution  may  not  be."'*' 

Novelty  per  se  is  not  generally  considered  sufficient  to 

ensure  creativity.  Bruner  explains  that 

Although  "effective  surprise"  is  in  some  ways  a  placing  of 
things  in  new  perspectives,  it  is  not  a  taking  of  known  ele¬ 
ments  and  running  them  together  by  algorithm  into  a  welter 
of  permutations. 

He  amplifies  that  with  the  quotation, 

To  create  consists  precisely  in  not  making  useless  combina¬ 
tions  and  making  those  that  are  useful  and  which  are  only 
a  small  minority.  Invention  is  discernment,  choice. 

Stein  warns  that 

While  novelty  is  a  critical  feature  of  creativity,  if  we 
attend  solely  to  it,  we  overlook  the  fact  that  creativity 
is  not  a  single  act  but  a  process. 

Some  writers  would  consider  the  criterion  of  novelty 

satisfied  if  the  product  is  new  to  the  individual .  Kneller  thinks 

that  "we  create  when  we  discover  and  express  an  idea,  artifact, 

13 

or  form  of  behavior  that  is  new  to  usd'  Margaret  Mead  expresses 
that  "to  the  point  that  a  person  makes,  invents,  thinks  of  some¬ 
thing  that  is  new  to  him,  he  may  be  said  to  have  performed  a 
14 

creative  act."  Kneller,  however,  feels  that  when  a  known  result 
is  discovered  by  an  individual,  the  creativity  so  manifested  would 
be  of  an  inferior  order,  since  the  rediscoverer  has  the  advantage 

denied  to  the  first  discoverer,  of  having  grown  up  in  a  culture  of 

15 


which  the  discovery  is  already  a  part. 


21 


Utility  has  already  been  suggested  as  a  criterion  for 
creativity.  Charles  S.  Whitting  uses  this  to  distinguish  between 
original  thinking  and  creative  thinking.  While  original  thinking 
produces  new  but  not  necessarily  useful  ideas  "an  original  idea 
that  is  also  useful,  in  terms  of  meeting  one  of  man's  needs,  is 
also  a  creative  idea."^ 

Mary  Henle  mentions  correctness  as  a  criterion,  for  "we 
need  some  ways  of  distinguishing  between  the  delusions  and  inven¬ 
tions  of  the  psychotic  and  the  productions  of  the  scientist."  She 

r 

also  mentions  freedom,  which  involves  freeing  oneself  from  one's 
ideas  in  order  ‘to  solve  a  problem,  and  harmony,  which  involves 
reconciliation  with  the  basic  structure  of  the  subject  matter.^ 

Various  other  writers  and  researchers  have  used  other 
criteria  for  creativity.  In  reviewing  the  literature,  it  may  be 
observed  that  there  are  no  generally  accepted  criteria  or  defini¬ 
tions  for  creativity,  although  various  criteria  and  definitions 
enjoy  their  own  circles  of  acceptance.  The  establishment  of 
criteria  facilitates  the  identification  of  situations  which  are 
consistent  with  the  criteria,  and  hence  of  creative  situations 
as  identified  by  those  criteria. 

2.3  PRODUCT,  PROCESS,  PERSON,  AND  ENVIRONMENT 

It  may  be  observed  when  reviewing  literature  on  creativity, 
that  there  are  different  approaches  to  creativity  and  that  writers 
tend  to  emphasize  some  particular  approach.  Ross  L.  Mooney  has 
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pointed  out  four  of  these  approaches,  namely,  the  product  created, 

the  process  of  creating,  the  person  of  the  creator,  and  the 

18 

environment  in  which  creation  comes  about. 

Some  writers  emphasize  the  (creative)  product  as  necessary 

and  essential  to  creativity.  Carl  Rogers  expresses  this  pointedly: 

In  the  first  place,  for  me  as  a  scientist,  there  must  be 
something  observable,  some  product  of  creation.  Though  my 
fantasies  may  be  extremely  novel,  they  cannot  usefully  be 
defined  as  creative  unless  they  eventuate  in  some  observable 
product — unless  they  are  symbolized  in  words,  or  written  in  a 
poem,  or  translated  into  a  work  of  art,  or  fashioned  into  an 

.IQ 

invention/7 

In  testing  for  novelty,  where  unusualness  is  used  as  a 
measure  of  novelty,  the  products  of  the  test  have  often  necessarily 
been  judged  according  to  some  relative  criteria.  A  problem  here 
is  that  a  response  which  may  be  unusual  for  a  student  in  grade 
three  may  have  a  lesser  degree  of  unusualness  for  the  whole  school, 
and  even  less  for  the  world.  Thus  as  Jackson  and  Messick  point 
out. 


The  choice  of  an  appropriate  population  or  norm  group  against 
which  to  judge  a  creative  work  is  of  utmost  importance  in 
applying  the  standard  of  unusualness . ^0 

Various  methods  have  been  employed  by  researchers  to  measure 

unusualness.  Evans,  for  example,  used  his  total  group  of  subjects 

as  the  universe  against  which  he  judged  the  originality  of  a 

response  product.  ^ 

Creativity  is  also  emphasized  as  a  process.  Many  analysts 
identify  the  process  in  terms  of  four  steps  identified  by  Wallas: 
preparation,  incubation,  illumination,  and  revision. 


Osborn 


, 
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gives  a  more  detailed  version  in  seven  steps:  orientation,  pre¬ 
paration,  analysis,  ideation,  incubation,  synthesis,  and  verifica- 
23 

tion.  However,  as  Torrance  points  out, 

Because  of  the  nature  of  the  creative  process  and  of  the 
limitations  of  testing  situations,  only  rare  attempts  have  been 
made  to  assess  the  process. ^ 

Creativity  has  also  been  emphasized  in  terms  of  the  person . 

J.  P.  Guilford,  giving  a  "narrow"  definition  of  creativity  in  his 

1950  inaugural  address  to  the  American  Psychological  Association, 

expresses  that  "in  its  narrow  sense,  creativity  refers  to  the 

abilities  most  characteristic  of  creative  people."  He  feels  that 

the  scope  of  the  creativity  problem  for  the  psychologist  is  that 

of  determining  the  qualities  that  contribute  significantly  to  a 

person’s  producing  creative  results,  which  is  the  problem  of 
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creative  personality. 

The  question  of  who  is  a  creative  person  has  no  common 

answer.  On  the  one  hand,  psychologists  like  Bruner  hold  that 

At  any  level  of  intelligence  there  can  be  more  or  less  creating 
in  our  sense.  Stupid  people  create  for  each  other  as  well  as 
benefitting  from  what  comes  from  afar.  So,  too,  do  slothful 
and  torpid  people.  I  have  been  speaking  of  creativity,  not 
genius .6 

Guilford,  assenting,  holds  that  "creativity  is  not  a  special  gift 

of  the  select  few.  It  is,  instead,  a  property  shared  by  all 
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humanity  to  a  greater  or  smaller  degree."  But  Frederick  J. 

Harker  disagrees  with  the  "Universalist  Fallacy".  For  him  this 

fallacy  .  .  .  regards  creativity  as  a  birthright  of  man, 

everybody’s  natural  endowment  which  by  social  adaptation 
and  by  influence  of  poor  education  and  an  imperfect  society 
has  been  stifled,  crippled,  inhibited,  and  destroyed  in  all 
but  a  few. 
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Harker  indicates  a  strong  rejection  of  this  reasoning: 

By  its  hidden  anarchic  preference  it  completely  misses  the 
ordering,  selecting,  and  structuring  principle  in  creativity, 
confusing  regression  with  originality,  lack  of  organization 
with  creative  depth,  and  chaos  with  accomplishment,  or,  in 
other  words,  the  raw  material  with  the  finished  product. 28 

Those  who  approach  creativity  through  the  environment 
tend  to  emphasize  nurture  in  creativity.  Torrance  and  his  staff 
studied  some  of  the  educational  problems  concerned  with  the 
"creation  of  an  educational  environment  which  places  a  high  value 
in  creativity."  His  findings  tended  to  give  support  to  consider¬ 
able  positive  influence  of  a  creative  school  environment  to  the 
nurture  of  creativity.  The  use  of  "creative  activities"  in  and 

of  themselves,  however,  did  not  seem  to  result  in  growth  in 
....  29 

creative  writing. 

The  various  approaches  to  creativity  illumine  aspects  of 
creativity  in  their  own  respective  ways,  each  contributing  to 
deeper  understanding  and  appreciation  of  a  difficult  subject. 

The  approaches  have  also  helped  in  facilitating  the  construction 
of  tests.  In  general,  however,  tests  for  creativity  have  often 
been  based  on  the  person  and  the  product . 

2.4  GUILFORD’S  PSYCHOMETRIC  APPROACH 

Considerable  research  has  been  conducted  by  Guilford  and 
his  associates  since  1950  into  the  nature  of  human  abilities,  and 
in  particular  into  creative  abilities.  His  basic  approach  has 
been  a  factor  analytic  one  on  creative  abilities.  While  conceding 
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that  motivational  and  temperamental  personality  traits  are  of 

importance  in  creativity,  Guilford  and  his  associates  believed 

that  the  study  of  creative  abilities  would  aid  in  determining 

creative  individuals,  and  help  in  understanding  how  a  creative 

person  thinks,  as  well  as  give  some  insight  into  the  creative 
30 

process . 


Guilford  defines  an  individual’s  personality  as  his  unique 

pattern  of  traits.  A  trait  is 

any  relatively  enduring  way  in  which  persons  differ  from 
one  another.  The  creative  personality  is  thus  a  matter  of 
those  patterns  of  traits  that  are  characteristic  of  creative 
behavior.  A  creative  pattern  is  manifest  in  creative  be¬ 
havior,  which  includes  such  activities  as  inventing,  design¬ 
ing,  contriving,  composing,  and  planning.  People  who  exhibit 
these  types  of  behavior  to  a  marked  degree  are  recognized  as 
creative. 31 

The  Guilford  design  involved  making  hypotheses  on  the 
existence  of  creative  abilities  (traits) ,  constructing  and  adminis¬ 
tering  tests,  and  intercorrelat ing  the  scores,  to  find  the  under¬ 
lying  abilities  that  the  tests  measured.  By  means  of  orthogonal 
factor  analytic  methods,  distinct  primary  abilities  were  factored 
out. 


2.4-1  Hypotheses  on  Creative  Abilities  and  Findings  (Guilford) 

The  initial  studies  hypothesized  at  least  seven  creative 
abilities — sensibility  to  problems,  fluency,  flexibility,  origin¬ 
ality,  analysis  and  synthesis,  redefinition,  and  penetration. 

The  results  of  the  analysis  were  that  a  factor  of  sensi¬ 
bility  was  found,  four  factors  of  fluency  (word,  ideational, 
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associational ,  and  expressional) ,  and  two  factors  of  flexibility 

(spontaneous  and  adaptive) .  No  analysis  and  synthesis  factor  was 

found,  but  redefinition  and  penetration  factors  were  found.  In 

later  factor  analytic  studies  an  elaborative  thinking  factor  was 
32 

found . 

Guilford's  research  was  in  connection  with  an  "Aptitudes 
Project"  at  the  University  of  Southern  California.  The  research 
was  on  all  intellectual  abilities.  As  a  result  of  his  analysis, 
he  classified  intellectual  abilities  in  three  ways,  corresponding 
to  operations,  products,  and  contents.  When  these  three  classifi¬ 
cations  are  combined,  they  provide  a  cubical  model  used  by  Guilford 

to  identify  a  unified  theory  of  intelligence.  This  is  discussed 
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in  his  paper,  "Three  Faces  of  Intellect." 

Divergent  thinking  is  one  of  the  five  operations,  and 

Guilford  finds  a  close  relationship  between  abilities  in  this 

category  and  creative  thinking.  He  comes  to  the  conclusion  that: 

Most  of  the  more  obvious  contributions  to  creative  thinking 
are  in  the  divergent  production  category.  The  factors  of 
fluency,  flexibility,  originality,  and  elaboration  are  in 
that  category.  It  can  be  said  that  divergent  production  ^ 
abilities  are  the  most  direct  contributors  to  creativity. 

2.5  TEST  CONSTRUCTION 

Several  tests  have  been  devised  based  on  the  conclusions 
of  Guilford  and  his  associates.  Test  construction  by  Torrance, 
Prouse,  and  Evans  will  now  be  discussed  briefly. 
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2.5-1  E.  P.  Torrance 


One  aspect  of  the  need  for  creating  tests  has  been  intui¬ 
tion  and  research  leading  to  the  conclusion  that  the  usual  intel¬ 
ligence  tests  do  not  measure  inventiveness,  ingenuity,  productive 
thinking,  and  those  abilities  which  are  now  associated  with 
creative  thinking.  Torrance  and  his  associates 

labelling  such  abilities  as  sensitivity  to  deficiencies, 
fluency,  flexibility,  originality,  elaboration,  and  redefini¬ 
tion  as  "creative",  have  constructed  tests  which  have  gained 
world  wide  use.^ 

One  type  of  Torrance  tests  is  the  "Ask  and  Guess  Test"  in 
which  the  subjects  are  given  a  picture,  possibly  capable  of  many 
interpretations,  and  required  to  formulate  questions  which  would 
enable  them  to  find  out  what  the  picture  signifies.  The  tests 
may  be  formulated  as  "guessing  causes"  and  "guessing  consequences". 

The  "Product  Improvement  Test"  requires  the  subject  to 
suggest  unusual,  interesting,  and  clever  ways  of  improving  a 
product,  as  for  example  a  toy  dog.  The  "Unusual  Uses  Test"  calls 
for  interesting  and  unusual  ways  of  using  common  and  everyday 
things,  and  the  "Imaginative  Stories  Test"  calls  for  writing 
imaginative  stories  about  animals  and  people. 

Torrance  reports  that  in  his  experimental  studies, 

we  found  children  scoring  high  on  tests  of  creative  thinking 
initiated  a  large  number  of  ideas,  produced  more  original 
ideas,  and  gave  more  explanation  of  the  workings  of  unfamiliar 
science  toys  than  their  less  creative  peers. 36 
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2.5-2  Howard  L.  Prouse 

Prouse  constructed  a  creativity  test  in  mathematics,  con¬ 
sisting  of  ten  items.  Seven  were  in  the  "divergent  thinking 
category",  and  three  in  the  "convergent  thinking  category". 

Student  responses  in  the  divergent  thinking  problems  were  scored 
for  fluency  and  originality.  The  fluency  score  was  the  number  of 
acceptable  responses  made  by  the  student,  and  the  originality 

score  depended  on  the  frequency  of  the  response  in  the  set  of 
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correct  responses  made  on  the  item. 

The  ten  items  of  Prouse's  creativity  test  had  been  tried  out 

at  a  school  in  Iowa  City,  and  had  been  unanimously  endorsed  by  a 

jury  "composed  of  persons  prominent  in  mathematics  education  and 

38 

measurement  and  evaluation."  Prouse  based  his  test  on  certain 

characteristics  of  the  potentially  creative  student  in  mathematics 

found  by  Carlton  in  her  analysis  of  the  writings  of  fourteen 
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famous  mathematicians. 

Prouse  constructed  his  test  in  connection  with  a  study 

whose  principal  purpose  was  "to  sample  seventh  grade  students  to 

determine  their  responses  to  creativity-test  items  and  to  ascertain 

the  relationship  of  these  responses  to  certain  other  available 
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indices  of  ability  and  interest."  Among  the  principal  findings 
and  conclusions  of  Prouse  were  the  following: 

(1)  "The  correlation  between  intelligence  test  scores  and  creativi- 
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ty-test  scores  was  0.48." 
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(2)  "Correlation  coefficients  between  fluency  and  originality 

scores  on  the  divergent  thinking  items  were,  with  one  exception, 

42 

in  the  interval  0.77  to  0.97." 

(3)  "Discrimination  indices  for  the  divergent  thinking  items  were 

generally  smaller  in  value  than  discrimination  indices  for  the 
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convergent  thinking  items." 

Prouse’s  study  has  provided  some  examples  of  convergent 
and  divergent  thinking  problems  in  mathematics.  The  study  has 
tended  to  indicate  a  moderate  correlation  between  intelligence 
test  scores  and  Prouse’s  creativity  test  scores,  and  a  high  cor¬ 
relation  between  fluency  and  originality.  Prouse  feels  that  his 

study  may  indicate  a  need  for  greater  emphasis  on  divergent 
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thinking  approaches  in  teacher  education. 

2.5-3  Edward  W.  Evans 

Evans  developed  and  administered  tests  to  measure  the 

ability  to  respond  in  creative  mathematical  situations  at  the  late 

elementary  and  early  junior  high  school  level,  in  terms  of  fluency, 
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flexibility,  and  originality. 

Evans  described  fluency  as  the  flow  of  responses  from  an 
individual,  and  measured  it  by  the  number  of  responses  made.  He 
considered  flexibility  as  referring  to  the  variety  of  responses  in 
a  given  situation.  In  scoring  flexibility,  all  the  responses 
given  by  the  student  were  categorized  with  respect  to  certain 
criteria,  and  one  point  was  given  for  each  category  represented 
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in  the  student's  set  of  responses.  Originality  was  understood  as 
the  degree  of  uncommonness  of  a  given  response  or  kind  of  response, 
the  originality  score  for  a  response  being  0,  1,  2,  3,  or  4, 
according  to  the  percentage  of  examinees  who  gave  the  same  response. 

The  sum  of  all  the  scores  for  each  response  represented  the 
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originality  score  for  a  given  test. 

The  basic  philosophy  in  Evans'  tests  may  be  expressed  in 
his  assumption: 

It  is  assumed  that,  over  the  sixteen  tests  which  were 
developed  in  the  study,  the  most  creative  person — the  one 
who  engages  in  intuitive  thinking  to  a  high  degree-will 
make  more  responses,  more  different  kinds  of  responses,  and 
more  uncommon  responses.  This,  roughly,  is  what  is  meant 
by  the  three  characteristics  measured  in  these  tests--f luency , 
flexibility,  and  originality . ^ 

Evans  reports  that  all  the  students  who  took  his  tests 
were  able  to  make  responses.  He  suggests  that  his  testing  pro¬ 
cedure  indicates  that  "the  classroom  teacher  might  provide  ex¬ 
periences  which  enable  all  of  his  students  at  their  own  level  of 
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development,  to  have  part  in  formulating  mathematical  concepts." 

The  evidence  from  the  test  construction  in  divergent  think¬ 
ing  would  indicate  that  these  tests  do  provoke  student  behavior 
which  meets  certain  accepted  criteria  for  creativity.  Such 
results  afford  some  evidence  for  the  validity  of  the  tests,  and 
have  considerable  implications  for  the  teaching-learning  situation. 
The  reader  is  referred  to  section  6.2-2  (page  112)  of  this  thesis 
for  a  discussion  of  the  student  responses  in  the  tests  constructed 


by  the  investigator. 


31 


2.6  SUMMARY  AND  CONCLUSIONS 

The  problem  of  identifying  and  measuring  creativity  is  a 
difficult  one  and  there  is  no  common  agreement  on  the  criteria  to 
be  adopted  and  approaches  to  be  taken  in  solving  the  problem. 

The  most  widely  accepted  criterion  for  creativity  appears  to  be 
that  of  novelty.  Other  criteria  for  creativity  include  utility, 
correctness,  appropriateness,  freedom,  and  harmony.  There  have 
been  various  approaches  to  the  problem  of  identifying  creativity, 
and  the  most  effective  in  terms  of  test  construction  appear  to  be 
those  directed  towards  the  person  and  the  product. 

J.  P.  Guilford  and  his  associates  have  contributed  greatly 
to  the  psychometrics  of  creativity.  As  a  result  of  extensive 
research  and  investigation,  Guilford  concludes  that  the  more  ob¬ 
vious  contributions  to  creativity  are  in  the  divergent  thinking 
category  and  that  the  factors  of  fluency,  flexibility,  originality, 
and  elaboration  are  in  that  category. 

Evans  and  Prouse  (see  sections  2.5-2  and  2.5-3,  pages  28 
and  29)  have  applied  ideas  attributable  to  Guilford,  in  constructing 
creativity  tests  and  measuring  creativity  in  mathematics.  Their 
tests  have  attempted  to  measure  divergent  thinking  abilities  in 
mathematics . 

The  investigator  has  based  his  tests  on  the  work  of  Guilford, 
Evans,  and  Prouse.  Creativity  in  students  has  been  measured  by 
tests  which  have  been  designed  by  the  investigator  to  reveal  the 
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divergent  thinking  capabilities  of  students.  The  responses  of  the 
students  have  been  used  for  assigning  measures  to  the  students' 
divergent  thinking  abilities.  The  criterion  of  appropriateness 
or  correctness  has  been  considered  essential  for  a  student's 
response  to  be  acceptable  for  evaluation.  Unusualness  of  response 
within  the  universe  of  all  the  students  taking  the  tests  has  been 
used  as  an  index  for  novelty  or  originality. 
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CHAPTER  III 


DESIGN 


3.1  INTRODUCTION 


The  purpose  of  this  study  was  to  construct  subject-specific 
(divergent  thinking)  creativity  tests  in  mathematics  for  Grade  XI 
students  taking  part  in  an  experiment  in  which  two  teaching  method 
were  being  investigated — a  mathematizing  method  and  an  expository 
method,  and  to  determine  the  relative  effectiveness  of  the  two 
methods  in  terms  of  (divergent  thinking)  creativity  in  mathematics 
The  fulfilment  of  this  purpose  involved  the  construction  of  tests 
based  on  well  defined  principles  and  the  setting  up  of  a  strategy 
by  which  the  relative  effectiveness  of  the  two  methods  could  be 
determined.  The  test  construction  is  described  in  detail  in 
Chapter  IV.  In  this  chapter,  a  description  is  given  of  the  sample 
and  an  account  is  given  of  the  basic  strategy  used  in  obtaining 
data  pertinent  to  solutions  to  the  problems  of  the  study. 

3.2  THE  SAMPLE 

The  sample  was  drawn  from  the  classes  of  those  teachers  in 
the  Edmonton  Public  School  system  who  were  willing  and  able  to 
participate  in  the  project  described  in  section  1.5-1  of  this 
thesis  (page  10) .  Nine  teachers  from  six  schools  were  involved 
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in  the  project.  Each  of  seven  of  these  teachers  taught  two 
Grade  XI  classes  within  a  school — the  mathematizing  method  was 
used  in  one  and  the  expository  method  was  used  in  the  other. 

Each  of  the  other  two  teachers  taught  only  one  class — one  using 
the  mathematizing  method,  and  the  other  the  expository  method. 

In  order  to  control  for  teacher  characteristics,  the  classes 
of  the  two  teachers  who  did  not  individually  teach  the  two  methods 
were  not  included  in  the  study.  Of  the  seven  teachers  who  taught 
two  classes  each,  the  classes  of  one  teacher  were  excluded  from 
the  study  partly  because  some  classes  in  the  school  in  which  he 
was  teaching  were  used  by  the  investigator  in  trying  out  the 
instruments,  and  also  because  an  additional  methodological  treat¬ 
ment  was  given  to  the  students  in  his  classes  during  the  experiment. 
The  classes  of  another  teacher  were  excluded  from  the  study 
because  the  teacher  did  not  fully  follow  the  administrative  pro¬ 
cedure  set  by  the  investigator. 

The  sample  therefore  was  drawn  from  the  classes  of  five 
teachers  in  four  schools.  Only  the  231  students  who  were  from 
the  ten  classes  taught  by  five  teachers,  and  who  completed  the 
pre-  and  post-tests  were  included  in  the  study. 

3.3  CONTROLS  RELATING  TO  THE  SAMPLE 

Attempts  were  made  in  the  group  design  to  control  a  number 
of  variables  relating  to  the  sample.  Each  of  the  teachers  in  this 
study  taught  two  classes,  using  the  mathematizing  method  in  one 
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class  and  the  expository  method  in  the  other.  In  this  way,  an 
attempt  was  made  to  control  for  teacher  characteristics.  The  order 
of  the  teaching  was  random. 

The  four  schools  concerned  in  the  study  were  located  in 
attendance  areas  that,  taken  as  a  whole,  included  students  whose 
socio-economic  background  differed  widely. 

Finally  the  assignment  of  treatment  to  class  was  done  on  a 
random  basis. 

3 . 4  STRATEGY 

The  subjects  were  pre-  and  post-tested  on  forty-minute 
tests  developed  by  the  investigator  and  administered  by  the 
respective  teachers.  A  detailed  account  of  the  tests  is  given 
in  Chapter  IV.  Four  criteria  for  (divergent  thinking)  creativity 
in  mathematics  were  established.  For  each  criterion  the  pre-test 
scores  were  used  as  a  covariate  for  the  stratification  of  the 
subjects  into  four  levels,  such  that  the  means  of  the  methods 
groups  within  each  level  were  homogeneous  with  respect  to  the 
covariate  measure.  A  two  factor  analysis  of  variance  for  unequal 
cell  frequencies  was  performed  on  the  post-test  scores  to  test 
the  relevant  hypotheses.  The  hypotheses  of  major  interest  were: 

(1)  That  treatment  effects  of  the  methods  were  independent  of  the 
effects  of  the  pre-treatment  classification  levels. 

(2)  That  there  was  no  significant  difference  between  the  treatment 
effects  for  the  mathematizing  group  and  the  expository  group. 
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3.5  LIMITATIONS 

The  investigator  had  to  deal  with  intact  classes  taught  by 
teachers  in  the  Edmonton  Public  School  system  who  were  willing  to 
participate  in  the  project,  and  hence  was  not  in  a  position  to 
assign  subjects  randomly  to  treatments. 

Only  students  who  attempted  both  tests  were  included  in  the 

study. 

For  the  purposes  of  this  investigation,  the  effects  of  the 
teachers  and  the  schools  were  not  being  studied.  The  factors  of 
special  interest  were  the  classification  status  of  the  students 
on  embarking  on  the  experiment,  and  the  methods. 

3.6  TESTING  THE  MAJOR  HYPOTHESES  OF  THE  STUDY 

3.6-1  Pre-Treatment  Classification  Levels 

Pre-treatment  classification  levels  for  each  divergent 
thinking  ability  were  determined  on  the  basis  of  the  pre-test 
scores.  Four  levels  were  designated,  namely  Pre-high,  Pre-high- 
medium,  Pre-low-medium,  and  Pre-low.  A  real  number,  R,  was 
defined  as  the  difference  between  the  highest  score  and  the  lowest 
score,  plus  one.  R  was  in  fact  an  integer  since  the  scores  were 
all  integers.  For  each  of  the  "divergent  thinking  abilities"  of 
fluency,  flexibility  and  total  response,  the  Pre-high  level 
included  subjects  who  scored  marks  which  fell  at  and  above  sixty 
per  cent  of  R.  The  Pre-high-medium  level  included  subjects  whose 
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marks  fell  at  fifty  and  below  sixty  per  cent  of  R.  The  Pre-low- 
medium  level  included  subjects  whose  marks  fell  at  forty  and  below 
fifty  per  cent  of  R,  and  the  Pre-low  level  included  subjects  who 
scored  below  forty  per  cent  of  R. 

An  attempt  to  use  the  above  classification  for  the  origi¬ 
nality  scores  led  to  only  two  subjects  in  the  Pre-high  level/ 
mathernatizing  class.  This  was  considered  unsatisfactory  in  view 
of  Winer’s  suggestion  that  for  a  design  involving  stratification 
on  the  covariate  and  leading  to  analysis  as  a  two  factor  experiment, 
each  resulting  cell  frequency  should  be  at  least  five.^  Accord¬ 
ingly  some  adjustment  was  made  to  the  classification  procedure 
as  follows.  Four  pre-treatment  originality  levels  were  designated, 
Pre-high,  Pre-high-medium,  Pre-low-medium,  and  Pre-low.  A  real 

number,  R  ,  was  defined  as  the  difference  between  the  highest 
UKIG 

originality  score  and  the  lowest  originality  score,  plus  one. 

The  Pre-high  originality  level  included  subjects  whose  marks  fell 
at  and  above  fifty  per  cent  of  R  .  The  Pre-high-medium  ori- 
ginality  level  included  subjects  who  scored  marks  which  fell  at 
forty  per  cent  and  below  fifty  per  cent  of  R  .  The  Pre-low- 
medium  originality  level  included  subjects  who  scored  marks  which 
fell  at  thirty  per  cent  and  below  forty  per  cent  of  R  .  The 
Pre-low  originality  level  included  subjects  who  scored  below 


thirty  per  cent  of  R 
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3.6-2  Factorial  Plan 

The  methods  (Treatments  M  and  E)  were  designated  as  factor  A 

and  the  pre-treatment  classification  levels  as  factor  B.  The 

number  of  observations  in  each  cell  was  obtained  on  the  basis  of 

2 

the  pre-test  scores.  Following  a  pattern  in  Winer,  these  numbers 
may  be  represented  in  the  context  of  a  factorial  plan  as  in 
Figure  1  as  follows: 


Treatment  M. . .  a^ 


Treatment  E... 


Pre-high 

Pre-high- 

medium 

Pre-low- 

medium 

Pre-low 

h 

b0 

b_ 

b. 

1 

2 

3 

4 

nil 

n12 

n13 

n14 

n21 

n22 

n23 

n24 

Figure  1.  Factorial  Plan 

The  notation  n  (i  =  1,2;  j  =  1, 2,3,4)  in  the  above  plan  repre¬ 
sents  the  number  of  subjects  in  treatment  combination  ab . . . 

ij 

3.6-3  Well-defined  Classification  Levels 

For  the  purposes  of  the  study,  a  classification  level  was 
considered  to  be  well-defined  if  there  was  no  significant  differ¬ 
ence  between  the  two  methods  classes  within  the  classification 


level.  Preliminary  tests  were  conducted  to  ensure  that  the 
classification  levels  were  well  defined. 
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3.6-4  Scores  Within  Levels 

The  raw  scores  within  the  various  levels  are  found  in 
Appendix  D. 


3.7  A  PICTORIAL  VIEW 


A  pictorial  view  of  the  basic  statistical  design  used  in 
testing  the  hypotheses  of  major  interest  is  given  in  the  illus¬ 
tration  below. 


M  E 


Pre-high 


M 


Pre-high-medium 


"  M  E 


Pre-low-medium 


M  E 


Pre-low 


The  sheet  on  which  the  figure  is  drawn  represents  the  domain  of 
the  divergent  thinking  ability.  All  Treatment  M  population  class 
means  are  represented  by  means  of  "M  dots"  and  Treatment  E  class 
means  by  "E  dots".  Each  level  contains  one  M  dot  and  one  E  dot, 
indicating  that  the  positions  of  each  element  in  a  pair  are 
equivalent  with  respect  to  the  level  of  pre-treatment  divergent 
thinking  ability. 
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A  treatment,  which  may  be  thought  of  as  a  force,  is  applied 
uniformly  to  the  M  dots  and  causes  displacements.  Similarly 
another  treatment  applied  to  the  E  dots  causes  displacements. 

The  relative  effects  of  the  forces  is  measured  by  the  total  rela¬ 
tive  displacement.  If  the  relative  displacement  is  not  uniform 
across  pre-treatment  levels,  then  the  relative  displacement  for 
each  level  becomes  a  matter  of  prime  importance. 

3.8  PRELIMINARY  TESTS 

It  was  first  necessary  to  test  that  the  classification 
levels  were  well  defined.  The  following  hypotheses  were  tested, 
using  Bartlett's  test  for  homogeneity  of  variance  and  a  single 
factor  analysis  of  variance  design.  IBM  APL  360  computing  functions 
designed  for  this  purpose  are  included  in  Appendix  A. 

The  hypotheses  tested  were: 

A.  That  on  the  basis  of  the  pre-test  divergent  thinking  ability 
scores,  the  population  variances  for  the  two  methods  classes  were 
homogeneous  for  each  classification  level. 

B.  That  on  the  basis  of  the  pre-test  divergent  thinking  ability 
scores,  the  population  means  of  the  two  methods  classes  were 
homogeneous  for  each  pre- treatment  classification  level. 

Thus  there  were  2  x  4  x  4  =  32  null  hypotheses,  and  32 
alternatives  to  the  null  hypotheses,  there  being  four  pre-treatment 
classification  levels,  four  divergent  thinking  abilities  under 
consideration,  and  two  parameters,  namely  variances  and  means. 
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The  investigator  found  that  the  pre- treatment  classification 
levels  were  well  defined,  as  is  shown  in  Chapter  V. 

3.9  TESTS  ON  MAJOR  HYPOTHESES 

The  major  hypotheses  of  the  study  were  tested  using  a  two 
factor  design  in  accordance  with  the  factorial  plan  of  Figure  1 
(page  42).  Factor  A,  the  methods,  consisted  of  two  levels,  a^ 
and  a^,  corresponding  to  Treatment  M  and  Treatment  E  respectively. 
Factor  B,  the  pre-treatment  levels,  consisted  of  four  levels,  b^, 
b^,  b^,  and  b^ ,  corresponding  to  Pre-high,  Pre-high-medium, 
Pre-low-medium,  and  Pre-low  levels,  respectively.  The  methods 
(Factor  A)  and  the  pre-treatment  levels  (Factor  B)  were  considered 
as  fixed  factors. 

Since  the  cell  frequencies  in  the  two  factor  design  were 
unequal,  and  since  the  frequencies  were  a  result  of  the  pre¬ 
treatment  classifications,  the  investigator  decided  that  an  ana¬ 
lysis  of  variance  design  involving  a  least  squares  method  for 
unequal  cell  frequencies  was  appropriate  for  this  (2  x  4)  fac¬ 
torial  analysis.  A  theoretical  background  for  this  type  of 

3 

solution  in  a  factorial  experiment  has  been  given  by  Winer.  The 

investigator  designed  an  APL  computing  function,  LEASTSQUARES , 

which  may  be  found  in  Appendix  A.  The  function  was  modelled 

4 

entirely  on  that  given  by  Winer.  This  function  was  used  to 
obtain  a  least  squares  solution  in  the  factorial  investigation. 

As  a  comparison  for  the  least  squares  solution,  an  unweighted 
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means  solution  was  also  obtained  on  the  data.  The  function 
developed  and  used,  was  modelled  entirely  on  that  given  by  Winer, 
and  may  also  be  found  in  Appendix  A  under  the  name  UNWAV. 


3.10  HOMOGENEITY  OF  ERROR  VARIANCE 


Since  the  homogeneity  of  error  variance  is  a  basic  assumption 
in  the  factorial  design,  hypotheses  were  tested  that  the  within 
cell  variances  of  the  eight  cells  were  homogeneous.  Bartlett’s 
test  was  used. 


3.11  CHOICE  OF  DESIGN 


It  is  noteworthy  that  Winer  considers  the  strategy  of 
stratifying  with  respect  to  the  covariate  as  "generally  to  be 
preferred  to  the  analysis  of  covariance."  One  advantage  is  that 
the  strategy  could  be  used  even  when  regression  is  non-linear. 

As  Winer  puts  it, 

Thus,  xvhen  regression  is  linear,  covariance  adjustment  is 
approximately  as  effective  as  stratification  with  respect 
to  the  covariate.  However,  if  the  regression  is  not  linear 
and  a  linear  adjustment  is  used,  then  stratification  will  ^ 
generally  provide  greater  reduction  in  experimental  error. 
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CHAPTER  IV 


THE  TEST  INSTRUMENTS 


4 . 1  INTRODUCTION 

This  study  was  conducted  with  a  two-fold  purpose.  It  was 
designed  to  construct  subject-specific  (divergent  thinking)  creati¬ 
vity  tests  in  mathematics  for  Grade  XI  students  taking  part  in  an 
experiment  in  which  two  teaching  methods  were  being  investigated--- 
a  mathematizing  method,  and  an  expository  method — and  to  determine 
the  relative  effectiveness  of  the  two  methods  in  terms  of  (divergent 
thinking)  creativity  in  mathematics.  The  design  for  determining 
the  relative  effectiveness  of  the  two  methods  in  terms  of  (divergent 
thinking)  creativity  in  mathematics  has  already  been  described 
in  Chapter  III.  In  this  chapter,  the  test  instruments  will  be 
presented,  and  the  administrative,  scoring,  and  validation  proce¬ 
dures  adopted  in  connection  with  the  test  instruments,  will  be 
described . 

4.2  TEST  CONSTRUCTION  AND  VALIDATION 

The  tests  were  constructed  by  the  investigator  so  as  to 
test  for  fluency,  flexibility,  and  originality,  in  accordance  with 
the  findings  of  Guilford  that  most  of  the  more  obvious  contribu¬ 
tions  to  creative  thinking  were  in  the  divergent  thinking  produc¬ 
tion  category,  and  that  the  factors  of  fluency,  flexibility,  and 
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1  2 

originality  were  in  that  category.  The  studies  of  Evans,  and 

3 

Prouse  also  influenced  the  investigator  in  constructing  the  tests. 

Two  tests  were  developed,  a  pre-test  and  a  post-test.  Each 

question  on  each  test  was  designed  to  test  for  fluency,  flexibility, 

and  originality.  The  pre-test  was  based  on  the  mathematics  that 

the  students  had  studied  prior  to  embarking  on  the  experiment. 

This  meant  that  the  students  who  took  the  pre-test  were  assumed  to 

have  studied  chapters  one  through  four  of  their  Grade  XI  mathematics 
Zj. 

textbook.  The  post-test  was  based  on  the  mathematics  that  was 
taught  during  the  experiment,  namely  quadratic  functions  as  may  be 
found  in  chapters  nine  and  ten  of  the  Grade  XI  mathematics  textbook. 

Twenty-two  pre-test  problems  and  eight-post-test  problems 
were  originally  constructed  by  the  investigator.  These  may  be  found 
in  Appendix  B.  The  investigator  referred  the  questions  of  the  pre¬ 
test  to  a  reference  group  of  two  university  professors  (in  Educa¬ 
tion)  and  seven  graduate  students  in  mathematics  education,  to 
evaluate  the  questions  and  to  select  the  questions  which  they 
thought  most  appropriate  in  testing  for  creativity  in  mathematics. 
The  investigator  selected  the  four  final  questions  from  those  which 
had  been  most  commonly  selected  by  the  evaluators.  The  post-test 
was  referred  for  evaluation  to  the  same  evaluators  as  for  the  pre¬ 
test,  and  an  additional  university  professor  in  education  was 
requested  to  evaluate  the  questions  and  select  those  questions 
which  he  considered  most  appropriate  in  measuring  creativity  in 
mathematics.  The  four  final  post-test  questions  were  selected  by 
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the  investigator  from  among  those  most  frequently  selected  by  the 
evaluators.  Every  question  in  the  final  form  of  the  tests  was 
selected  by  at  least  two  evaluators. 


4.3  FINAL  FORM  OF  PROBLEMS  AND  TEST  ADMINISTRATION 


4.3-1  Final  Form  of  Problems 


Six  pre-test  problems  were  submitted  to  the  teachers.  Stu¬ 
dents  were  required  to  attempt  a  specified  four  problems.  If  they 
had  time,  they  were  to  attempt  the  others  (see  Appendix  F) .  Assess¬ 
ment  for  the  pre-test  was  made  only  on  the  four  required  problems. 
Students  were  requested  to  attempt  the  four  post-test  problems.  The 


final  form  of  the  problems  on  which  the  students  were  assessed  are 


given  below: 

PRE-TEST  PROBLEMS  (FINAL  FORM) 

1.  Think  out  true  statements  that  make  use  of  the  idea  of  a 

kasep  in  the  sense  defined  below.  Write  down  ten  of  them. 
Definition:  A  kasep  is  an  integer  which  is  divisible  by  39. 

2.  The  following  three  numbers  are  arranged  according  to  a 
definite  pattern.  Try  to  think  out  five  possible  values  of  x 
and  in  each  case  explain  briefly  how  you  obtained  this  value. 


25,  625,  x 


3.  Think  out  five  practical  ways  of  representing  a  mapping. 
One  practical  way  is  to  think  of  a  mapping  as  a  pop  machine, 
where  one  puts  in  a  coin  and  gets  a  pop.  Thus  coin  is  mapped 
into  pop. 


4.  (a)  Write  down 
fy  the.  equation: 


three  sets  of  'integers 

m"3  +  n2  =  q2 


(m,  n,  q)  which  satis- 


The  set  (3,  4,  5)  is  one  such  set. 

(b)  Write  down  seven  sets  of  integers  (m,  n,  q)  which  satis¬ 
fy  the  equation: 

m3  +  n3  -  q3 
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POST-TEST  PROBLEMS  (FINAL  FORM) 

1.  On  the  piece  of  graph  paper  provided,  mark  out  two  points 
A(2,4)  and  B(-2,4). 

(a)  Write  down  any  three  relations  whose  graphs  contain 
these  points. 

(b)  Draw  seven  different  figures  which  pass  through  these 
points . 

2.  The  following  three  functions  are  arranged  in  a  definite 
pattern.  Try  to  think  out  f ive  possible  functions  that  could 
stand  in  place  of  f (x) ,  and  in  each  case  explain  briefly  how 
you  obtained  the  function: 

(x* 1 2 3  +  2x  +  1) ,  (x2  +  6x  +  9)  ,  f(x),  .... 

3.  Make  up  f ive  word  problems  which  involve  solution  by 
quadratic  equations.  In  each  case,  state  the  equation,  but 
do  not  solve  it. 

4.  Write  down  up  to  ten  true  statements  about  the  following 
quadratic  function.  As  far  as  possible  each  statement  should 
deal  with  a  particular  mathematical  quality  of  the  function. 

y  =  x2  -  5x  +  6 


4.3-2  Test  Administration 

The  tests  were  administered  by  the  teachers.  The  investigator 
gave  the  teachers  specific  instructions  for  administering  the  tests. 
The  teachers  were  requested  to  give  short  talks  to  the  students 
prior  to  the  testing,  encouraging  them  to  use  their  imagination. 

In  particular,  the  students  were  encouraged  to 

(1)  think  as  fast  as  they  could, 

(2)  think  out  as  many  different  ideas  as  they  could, 

(3)  think  out  as  many  ideas  of  their  own  as  they  could. 

The  students  were  not  allowed  to  open  textbooks  during  the  testing. 
Copies  of  the  tests  submitted  to  the  teachers  and  further  informa¬ 
tion  relating  to  test  administration  are  given  in  Appendix  F. 
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4.4  SCORING  PROCEDURE 

The  investigator  adopted  the  scoring  procedure  used  by 

£ 

Evans,  with  a  few  changes. 

4.4- 1  Fluency  Score 

One  fluency  mark  was  awarded  for  each  appropriate  response. 

An  appropriate  response  was  decided  as  a  response  which  satisfied 
the  requirements  of  the  problem.  An  appropriate  response  could  be 
thought  of  as  a  "correct"  response,  one  which  fits  the  qualifications 
of  a  question.  Thus,  for  example,  the  response  (5,  12,  13)  is 
appropriate  to  pre-test  problem  4  above,  but  (13,  5,  12)  is  not. 

4.4- 2  Flexibility  Score 

One  flexibility  mark  was  awarded  for  each  distinct  flexi¬ 
bility  class  to  which  a  student’s  set  of  responses  belonged.  A 
flexibility  class  was  considered  to  be  a  set  of  fluent  responses 
having  an  underlying  generating  principle.  The  generating  principle 
was  determined  by  the  investigator.  Flexibility  classifications 
may  be  found  in  Appendix  C.  The  total  flexibility  score  for  a 
problem  may  be  thought  of  as  the  number  of  different  appropriate 
responses  to  the  problem. 

4.4- 3  Originality  Score 

The  originality  score  for  a  student  was  awarded  as  the  sum 
of  the  originality  scores  for  the  distinct  flexibility  classes 
to  which  his  fluent  responses  belonged.  The  originality  score  for 
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for  a  flexibility  class  was  awarded  as  an  index  of  the  degree  of 
uncommonness  of  the  flexibility  class.  The  uncommonness  was  deter¬ 
mined  by  the  proportion  of  the  number  of  subjects  whose  responses 
belonged  to  the  class,  to  the  total  number  of  subjects. 

The  originality  score  for  each  flexibility  class  was  0,  1, 

2,  3,  or  4,  according  to  the  following  system  which  was  patterned 
on  that  used  by  Evans. ^ 


Score 


0 

1 

2 

3 

4 


Proportion  of  number  of  subjects 
whose  response  belonged  to  the  class 
to  the  total  number  of  subjects. 

0.81  -  1.00 
0.61  -  0.80 
0.41  -  0.60 
0.21  -  0.40 
0.C0  -  0.20 


4.5  RELIABILITY  ESTIMATES  ON  PILOT  STUDY 


4.5-1  Theoretical  Considerations 

An  estimate  of  reliability  of  a  test  depends  largely  on 
the  assumptions  of  the  estimator.  Accordingly,  some  space  will 
be  given  to  the  assumptions  of  the  investigator  in  arriving  at 
estimates  of  reliability  of  the  tests  constructed. 

Four  different  scores  were  assessed  for  each  subject  on 
each  test — fluency  score,  flexibility  score,  originality  score, 
and  total  response  score.  The  total  response  score  was  calculated 
as  the  sum  of  the  fluency,  flexibility,  and  originality  scores. 
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Each  of  the  four  scores  was  considered  to  be  measuring  an 
ability  trait.  Each  problem  was  considered  a  judge  or  rater. 

Some  subjects  failed  to  obtain  at  least  one  fluency  mark 
in  some  problems,  largely  because  they  did  not  attempt  the  problems. 
In  a  few  cases  they  failed  to  score  because  the  responses  they  made 
were  not  appropriate.  The  investigator  decided  that  in  the  case 
where  a  student  failed  to  score  at  least  l(one)  fluency  mark  for 
a  problem,  the  problem,  considered  as  a  rater,  was  to  be  considered 
not  effective  in  estimating  the  true  magnitude  of  the  student's 
fluency  ability.  Accordingly,  where  a  subject  i  did  not  attempt  a 
problem  j ,  or  where  he  failed  to  obtain  any  fluency  mark  for 
problem  j ,  he  was  considered  as  not  to  have  been  rated  by  rater  j . 

Analysis  of  Variance  techniques  were  used  to  estimate  the 
reliabilities  of  the  measurements  for  each  trait.  The  techniques 

g 

used  were  patterned  on  Winer. 

The  basic  assumptions  for  this  type  of  estimate  of  reliabi¬ 
lity  using  analysis  of  variance  methods  are  that  each  observed 
measurement  X..  on  person  i  by  rater  j  is  composed  of  a  true  mag¬ 
nitude  I.  and  an  error  of  measurement  E...  Thus: 
i  ij 

X..  =  I.  +  E . (1) 

ij  i  ij 

It  is  assumed  that  when  repeated  measurements  are  made  with 
the  same  or  comparable  raters,  the  error  of  measurement  is  uncor¬ 
related  with  the  true  magnitude,  and  the  true  magnitude  is  constant 
for  each  person  but  the  error  of  measurement  varies. 
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Using  the  above  model,  it  is  shown  by  Winer  that  the  esti¬ 
mated  reliability  for  the  mean  of  k  measurements  is: 


MSBS  -  MSWS 
MSBS 


(2) 


where  MSBS  denotes  Mean  Square  Between  Subjects  and  MSWS  denotes 
Mean  Square  Within  Subjects. 

When  formula  (2)  is  computed  on  the  raw  scores  of  a  test, 
one  of  the  assumptions  is  that  "variance  due  to  differences  between 
the  mean  ratings  by  the  judges  is  part  of  the  error  of  measurement 
and  does  not  represent  a  systematic  source  of  variation . Since 
in  the  tests,  the  total  number  of  responses  requested  were  not  all 
the  same,  the  investigator  considered  that  the  means  of  the  ratings 
represented  a  systematic  frame  of  reference,  and  that  the  variation 
due  to  the  difference  in  these  means  was  not  part  of  the  error  of 
measurement.  In  such  a  case  suitable  adjustments  could  be  made  so 
that  the  between  judge  variance  is  zero.  The  investigator  fol¬ 
lowed  the  following  adjustment  procedure.  Let  G  be  the  grand  mean 
of  all  scores,  and  let  T  be  the  mean  rating  for  rater  j.  Then 
the  deviation  from  G  for  rater  j  is  (T  -  G) .  Let  the  adjusted 

score  f or  X . .  be : 

ij 

<X..  -  (T.  -  G)>  =  (G+X..  -T.)  ....  (3) 

ij  J  ij  J 

The  mean  rating  using  the  adjusted  scores  instead  of  the  observed 

scores  for  each  rater  becomes  the  same,  since  each  is  now  equal 

to  G,  the  grand  mean.  The  effect  of  the  adjustment  of  the  raw 
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scores  is  to  eliminate  systematic  between  rater  variation.  The 
degrees  of  freedom  due  to  raters  is  also  eliminated  from  the  de-  . 
grees  of  freedom  for  the  within  subject  variation . ^ 

The  adjusted  scores  were  used  in  calculating  the  reliabili¬ 
ties,  using  formula  (2).  However,  since  a  number  of  subjects  were 
not  rated  by  some  raters,  the  number  of  raters  rating  each  subject 
was  not  constant.  The  basic  partition  for  the  overall  variation 
used  was  as  follows: 


where  P. 

1 

SSWS  and 


(X.  .  -  G)2  =  (X.  .  -  P  .)2 

1J  iJ  i 


SS 


total 


SSWS 


represents  the  mean  of  k, 


SSBS  represent  sums  of  squ 


+  k. (P.  -  G)2 

l  l 

+  SSBS 

observations  on  person  i,  and 
ares  within  and  between  sub¬ 


jects. 

The  investigator  constructed  an  IBM  APL  360  computing  func¬ 
tion  to  calculate  the  reliability  for  this  kind  of  data.  The 
function  is  called  RELSYST  and  is  found  in  Appendix  A. 


4.5-2  Estimates  of  Reliabilities 

The  estimates  of  reliabilities  on  the  final  form  of  the 
pilot  study  as  computed  were  as  follows: 


Pre-test 

Post-test 

Fluency 

0.57 

0.42 

Flexibility 

0.64 

0.51 

Originality 

0.58 

0.53 

Total  Response 

0.63 

0.54 
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These  estimates  V7ere  based  on  administration  of  the  pre-test 

and  post-test  to  Grade  XI  students  of  an  Edmonton  high  school. 

The  pre-test  was  administered  to  a  class  of  thirty-four  students 

and  the  post- test  to  a  class  of  thirty-two  students.  The  thirty- 

two  students  who  took  the  post-test  in  the  pilot  study  had  been 

taught  linear  and  quadratic  equations  in  a  methods  pilot  study, 

where  the  mathematizing  method  was  used. 

The  estimates  of  reliabilities  in  the  pilot  study  may  not 

have  been  as  large  as  one  would  have  liked,  but  they  were  tolerated 

because  the  tests  had  to  be  reasonably  short  to  fit  the  time 

allocation  of  two  forty-minute  periods  for  which  the  investigator 

had  to  plan.  There  is  need  for  investigation  into  the  suggestion 

of  Wilson  in  a  comparable  situation:  "It  is  likely  that  these 

tests  [creativity  tests]  cannot  be  made  highly  reliable  even  when 

12 

intolerably  long.” 

4.6  MARKING  OF  TESTS 

The  tests  were  marked,  revised,  and  tabulated  by  the  investi¬ 
gator  as  chief  examiner,  and  three  undergraduate  B.Ed.  students  as 
assistant  examiners.  A  fourth  student  assisted  with  the  tabulation 
of  marks.  Each  assistant  was  supervised  and  given  detailed  training 
by  the  investigator.  Each  assistant  had  taken  or  was  taking  a 
mathematics  course  at  the  University  of  Alberta. 
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4.7  SUMMARY  AND  CONCLUSION 

Subject  specific  tests  were  constructed  by  the  investigator 
to  test  for  divergent  thinking  abilities  in  mathematics  among  certain 
Grade  XI  students.  The  tests  were  made  up  of  problems  which  had 
been  approved  by  majorities  in  a  reference  group  which  had  been  con¬ 
sulted  by  the  investigator  to  appraise  the  validity  of  the  tests 
for  the  purpose  of  measuring  creativity  in  mathematics  among  Grade 
XI  students.  The  estimates  of  reliabilities  on  the  tests  on 
measures  obtained  as  a  result  of  a  pilot  study  were  moderate,  but 
considered  reasonable  in  the  light  of  the  type  of  test.  The  inves¬ 
tigator  concluded  that  the  tests  were  suitable  for  the  purposes 
of  the  study,  and  used  the  tests  to  investigate  the  relative 
effectiveness  of  the  two  methods  being  investigated  in  the  study, 
in  terms  of  (divergent  thinking)  creativity  in  mathematics.  Some 
of  the  types  of  responses  given  by  the  students  in  the  tests  may 
be  found  in  section  5.6  of  this  thesis  (page  97).  A  discussion 
of  the  responses  of  the  students  may  be  found  in  subsection  6.2-2 
of  this  thesis  (page  112)  . 
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CHAPTER  V 


ANALYSES  AND  RESULTS 


5 . 1  INTRODUCTION 

This  study  was  undertaken  with  a  two-fold  purpose.  The  main 
aspect  of  the  study  was  to  investigate  the  relative  effectiveness 
of  two  teaching  methods — a  mathematizing  method  and  an  expository 
method — with  respect  to  (divergent  thinking)  creativity  in  mathe¬ 
matics.  The  strategy  used  in  this  study  for  comparing  the  effects 
of  the  two  methods  has  already  been  outlined  in  Chapter  III.  In 
this  chapter,  summaries  will  be  given  of  the  statistical  analyses 
and  results  of  the  study.  The  other  aspect  of  this  study  was  to 
construct  suitable  tests  for  the  main  aspect  of  the  study.  This 
chapter  closes  with  some  "clinical  results",  that  is,  some  examples 
of  categories  or  collections  of  categories  of  responses  made  by 
the  students  to  the  tests  constructed  by  the  investigator.  While 
Chapter  IV  discusses  aspects  of  the  reliability  and  validity  of 
the  test  instruments,  these  "clinical  results"  are  given  to  lend 
further  information  as  to  the  validity  of  the  tests  as  measuring 
creativity . 

5.1-1  Notation 

The  notation  that  will  be  used  in  this  chapter  will  be 
patterned  after  the  notation  used  by  Winer.-  Some  aspects  of  the 
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notation  of  this  chapter  that  are  of  particular  local  significance 
are  described  below. 

The  subscript  i  will  stand  for  values  of  1  and  2,  the  1 
corresponding  to  Treatment  M  and  the  2  corresponding  to  Treatment  E 
The  subscript  j  will  stand  for  values  of  1,  2,  3,  and  4,  the  1 
corresponding  to  the  Pre-high  level,  the  2  corresponding  to  the 
Pre-high-medium  level,  the  3  to  the  Pre-low-medium  level,  and  the 
4  to  the  Pre-low  level. 

The  notation  "class  ab  .  . "  will  denote  the  n. .  subjects  in 

ij  ij 

treatment  combination  ab  _  as  in  the  plan  of  Figure  1  (page  42) . 

Also,  u..  and  a?,  will  refer  to  the  population  mean  and  variance 
'  ij  ij 

respectively,  for  a  measure  of  class  ab_ .  The  particular  measure 
which  will  be  fluency,  flexibility,  originality,  or  total  response, 
will  be  understood  within  the  context  in  which  the  symbols  are  used 
NH^  will  indicate  the  hypothesis  being  tested,  N  being  a 
serial  number,  indicating  the  Nt^  hypothesis  in  order  of  presenta¬ 
tion  in  this  report.  The  alternative  set  of  hypotheses  NH^  will 
in  general  be  understood  and  not  explicitly  stated. 

As  used  by  Winer,  the  symbols  a2,  a2,a2  ,  ana  a2  will 
J  J  a  3  a3  £ 

represent  respectively  "The  variance  of  the  main  effects  of  factor 

2  3 

A,"  "The  variance  due  to  the  main  effects  of  factor  B,"  "The 

4 

variance  due  to  interaction  effects  in  the  population,"  and  "The 

variance  due  to  experimental  error  within  any  cell  in  the  popu- 

,  .  „5 

latxon . 
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5.1- 2  Purpose  of  Preliminary  Tests 

As  stated  in  Chapter  III,  preliminary  tests  were  conducted 
to  ensure  that  the  pre-treatment  classification  levels  were  well 
defined.  A  pre- treatment  classification  level  was  considered  to 
be  well  defined  when  it  could  be  shown  on  the  basis  of  pre-test 
measures  that  there  was  no  significant  difference  between  the  methods 
classes  within  the  pr e-treatment  classification  level.  In  reporting 
the  results  of  preliminary  tests  in  this  chapter,  only  brief  sum¬ 
maries  of  the  most  effective  aspects  of  the  results  will  be  given. 

The  raw  scores  which  provided  the  data  for  the  analyses  in  the 
preliminary  tests  may  be  found  in  Appendix  D,  and  the  computing 
functions  used  by  the  investigator  to  obtain  the  results  reported 
may  be  found  in  Appendix  A. 

5.1- 3  Tests  on  Major  Hypotheses 

As  was  discussed  in  Chapter  III,  the  major  hypotheses  of 
the  study  were  tested  using  a  two  factor  design.  The  methods 
(factor  A) ,  and  pre-treatment  levels  (factor  B)  were  considered  as 
fixed  factors.  Winer  has  outlined  certain  principles  for  construc¬ 
ting  F  ratios  for  tests  of  hypotheses  in  connection  with  two  factor 
experiments,  and  these  principles  are  applicable  to  this  study. 

When  the  factors  are  fixed,  as  in  the  present  situation,  the  prin¬ 
ciples  may  be  illustrated  in  Table  I,  which  has  been  patterned  on 
a  similar  table  given  by  Winer. ^ 
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TABLE  I 

TESTS  OF  HYPOTHESES  WHEN  FACTORS  ARE  FIXED 


Hypothesis 


Source  of 

Variation 

E  (MS) 

Being  Tested 

F  Ratio 

Main  effect 

of  factor 

A 

a2  + 
£ 

2 

nqa*1 

a 

NH,  :  a2  =  0 

1  a 

F  =  MS  /MS 

a  error 

Main  effect 

of  factor 

B 

a2  + 
£ 

npa8 

NHi :  a 2  =  0 

F  -  MS  /MS 

b  error 

A  x  B  interaction 

a2  + 
£ 

no2 

aS 

NH  :  a2  +  0 

1  aS 

F  -  MS  ,/MS 

ab  error 

Error  a2 

e 


Winer  shows  that  the  hypotheses  tested  in  connection  with 
two  factor  experiments  may  be  expressed  in  terms  of  variance  para¬ 
meters.  Thus,  "The  hypothesis  of  no  differences  between  the  main 
effects  of  factor  A  ...  is  equivalent  to  the  hypothesis  that 

g 

a2  =  o."  Also,  "Under  the  hypothesis  that  the  individual  cell 
a 

means  may  be  predicted  from  a  knowledge  of  corresponding  main 

9 

effects,  a2^  =  o."  The  major  hypotheses  of  this  study  as  outlined 
in  Chapter  III  may,  accordingly,  be  expressed  as  a2  =  0  and 


o 


aS 


0. 
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5.1-4  Level  of  Significance 

The  level  of  significance  used  in  making  all  tests  of  hypo¬ 
theses  was  a  =  .01. 


5 . 2  FLUENCY 


For  the  analysis  of  the  fluency  scores,  the  numbers  of 
subjects  in  each  level  for  each  treatment  on  the  basis  of  the 
classification  principles  described  in  Chapter  III  were  as  follows: 


Pre-high  Pre-high-  Pre-low-  Pre-low 
medium  medium 


Treatment  M  a^  14  26  28  43 

Treatment  E  36  24  22  38 


5.2-1  Raw  Scores  for  Analysis 

Raw  scores  for  each  class 
may  be  found  in  Appendix  D. 


in  pre-test  and  post-test 


5.2-2  Preliminary  Tests 

Preliminary  tests  were  conducted  to  verify  the  appropriate¬ 
ness  of  the  classifications.  The  following  hypotheses  were  accord¬ 
ingly  tested,  using  Bartlett's  test  for  homogeneity  of  variance, 
and  a  single  factor  analysis  of  variance  design. 

The  hypotheses  tested  were: 

A.  That  on  the  basis  of  the  pre-test  fluency  scores,  the  population 
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variances  for  the  two  methods  classes  were  homogeneous  for  each 
pre-treatment  classification  level. 

B.  That  on  the  basis  of  the  pre-test  fluency  scores,  the  popula¬ 
tion  means  of  the  two  methods  classes  were  homogeneous  for  each 
pre-treatment  classification  level. 

The  variance  null-hypotheses  may  be  symbolically  represented 
as  follows: 


1H  : 

a21 

2H  : 

a12  = 

°22 

3H  : 

a23 

4H1: 

au  = 

°24 

The  results  of  the  tests  of  the  above  hypotheses  are  sum¬ 
marized  in  Table  II. 

Although  4H^  was  rejected,  the  investigator  proceeded  to 
test  the  means  hypotheses  for  all  levels,  relying  on  the  fact  that 
"F  tests  are  robust  with  respect  to  departures  from  homogeneity 

,  .  „io 

of  variance. 

The  four  means  hypotheses  tested  were  as  follows: 


5H  : 

yll = 

y  21 

i — i 

tc 

\0 

y12 

y22 

7H  : 

y  13 

y  23 

CO 

l-1 

y  14  = 

y  24 

Summaries  of  analyses  of  variance  for  each  of  hypotheses 
5H, ,  6?^,  7H^ ,  and  81^,  are  given  in  Tables  III,  IV,  V,  and  VI, 
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TABLE  II 

SUMMARY  OF  RESULTS  OF  BARTLETT’S  TEST  ON  HOMOGENEITY 
OF  VARIANCE  FOR  PRE-TEST  FLUENCY 
CLASSIFICATION  LEVELS 


Hypothesis 

X2obs 

df 

P(a) 

Decision 

i — 1 

1 — 1 

i 

0.0849 

1 

>.01 

Do  not  reject  1H^ 

2H1 

0.0002 

1 

>.01 

Do  not  reject  2H^ 

3Hi 

0.317 

1 

>.01 

Do  not  reject  3H^ 

4Hi 

8.8411 

1 

<  .01 

Reject  4H^ 

X  .99(1) 

=  6.6 
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TABLE  III 

SUMMARY  OF  ANALYSIS  OF  VARIANCE  FOR  5H 


Source  of  Variation 

SS 

df 

MS 

F 

P 

P(cO 

Pre-high  fluency 
classes 

2.136 

1 

2.136 

0.205 

0.653 

>.01 

Error 

499.484 

48 

10.406 

Total 

501.620 

49 

TABLE 

IV 

SUMMARY 

OF  ANALYSIS  OF 

VARIANCE 

FOR  6H 

Source  of  Variation 

SS 

df 

MS 

F 

P 

P(cO 

Pre-high-medium 
fluency  classes 

1.551 

1 

1.551 

2.572 

0.115 

>.01 

Error 

28.949 

48 

0.603 

Total 


30.500 


49 
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TABLE  V 

SUMMARY  OF  ANALYSIS  OF  VARIANCE  FOR  7H 


Source  of  Variation 

SS 

df 

MS 

F 

P 

P(a) 

Pre- low-medium 
fluency  classes 

0.655 

1 

0.655 

0.984 

0.326 

>.01 

Error 

31.925 

48 

0.665 

Total 

32.580 

49 

TABLE 

VI 

SUMMARY  OF  ANALYSIS  OF 

VARIANCE 

FOR  8II1 

Source  of  Variation 

SS 

df 

MS 

F 

P 

P(a) 

Pre-low  fluency 
classes 

9.376 

1 

9.376 

1.444 

0.225 

>  .01 

Error 

495.834 

79 

6.276 

Total 


505.210 


80 
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respectively.  In  each  case  the  hypothesis  was  not  rejected  and  was 
considered  tenable.  The  classification  levels  were  thus  accepted 
as  well  defined. 

5.2-3  Tests  of  Major  Hypotheses 

A  two  factor  analysis  of  variance  was  conducted  on  the  post- 
test  fluency  scores  as  criterion  scores,  using  the  methods  factor 
A  and  pre-treatment  classification  levels  factor  B,  and  obtaining 
a  least  squares  solution  involving  unequal  cell  frequencies. 

Preliminary  test  on  the  assumption  of  homogeneity  of  error 
variance  was  performed  on  the  criterion  scores  for  the  variances 
of  the  eight  classes  ab .  Symbolically,  the  hypothesis  may  be 
expressed  as 


9H 


1: 


a 


2 

24 


Bartlett's  test  was  used  and  a  x2  °f  4.376  was  observed.  Since 

the  observed  x2  did  not  exceed  the  critical  value  of  X2anO')  ~  18.5, 

.  yy 

the  hypothesis  of  homogeneity  of  error  variance  was  considered 
tenable . 


Tests  on  the  major  hypotheses  were  conducted: 

(1)  That  the  effects  of  the  treatments  were  independent  of  the 
effects  of  the  classification  levels.  Symbolically,  the  hypothesis 
may  be  expressed  as 


10H  :  o2  0 
1  aS 


0. 
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(2)  That  there  was  no  significant  difference  between  the  effects 
of  the  two  treatment  groups.  This  may  be  expressed  as 

11H. :  a2  =  0. 

1  a 

A  summary  of  the  analysis  of  variance  (least  squares)  is 
given  in  Table  VII.  Section  (i)  of  Table  VII  contains  the  class 
means,  and  section  (ii)  contains  the  summary.  The  data  did  not 
support  a  rejection  of  10H  .  However,  IIH^  was  rejected. 

An  unweighted  means  analysis  of  variance  was  conducted  on 
the  data  for  the  purpose  of  comparison.  A  summary  of  the  analysis 
is  given  in  section  (iii)  of  Table  VII.  The  effective  decisions 
were  found  to  be  the  same. 

Since  the  respective  means  for  Treatment  E  exceeded  those 
for  Treatment  M,  the  data  indicated  that  the  effects  of  Treatment 
E  were  significantly  superior  to  the  effects  of  Treatment  M  in 
terms  of  fluency. 

5.2-4  Summary  and  Conclusion  (Fluency) 

Comparison  between  the  effects  of  a  mathematizing  method  and 
an  expository  method  in  terms  of  fluency  was  made  using  a  two 
factor  experimental  design.  The  pre-test  fluency  scores  were  used 
as  a  covariate  for  the  stratification  of  the  subjects  into  four 
pre-treatment  classification  levels.  Analysis  was  performed  on 
the  post-test  fluency  scores  as  criterion  scores.  The  methods  were 
taken  as  factor  A  and  the  pre-treatment  classification  levels  as 


factor  B. 
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TABLE  VII 

SUMMARY  OF  ANALYSIS  OF  VARIANCE  FOR  FLUENCY 


(i)  Cell 

Means : 

Pre-high 

Pre-High-Medium 

Pre-low-Medium 

Pre-low 

Treatment  M 

15.375 

15.654 

13.643 

12.395 

Treatment  E 

19 

15.917 

15.818 

14.368 

(ii)  Summary  of  Analysis  of  Variance  (Least  Squares) : 


Source  of  Variation 

SS 

df 

MS 

F 

P 

P(a) 

A  Treatments 

206.421 

1 

206.421 

9.503 

0.00231 

<.01 

B  Classification 
Levels 

556.270 

3 

185.423 

8.537 

2 . 16xl0~5 

<.01 

AB 

65.038 

3 

21.679 

0.998 

0.395 

>.01 

Error 

4843.755 

223 

21.721 

(iii)  Summary  of  Analysis  of 

Variance  (Unweighted  Means) : 

Source  of  Variation 

SS 

df 

MS 

F 

P 

P(cO 

A  Treatments 

209.201 

1 

209.201 

9.631 

0.00216 

<.01 

B  Classification 
Levels 

400.633 

3 

133.544 

6.148 

0.000413 

<.01 

AB 

74.143 

3 

24.714 

1.138 

0.335 

>.01 

Error 

4843.755 

223 

21.721 
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The  analysis  indicated  no  significant  A  x  B  interaction 
effects.  The  data  thus  supported  the  hypothesis  that  the  effects 
of  the  methods  were  independent  of  the  effects  of  the  pre-treatment 
classification  levels.  The  analysis  further  indicated  that  the 
main  effects  of  factor  A  were  significantly  different.  The  data 
did  not  support  the  hypothesis  of  no  difference  between  the  effects 
of  the  mathematizing  method  and  the  expository  method.  The  direc¬ 
tion  of  difference  from  an  examination  of  the  means  for  the  mathe¬ 
matizing  and  expository  groups  was  in  favour  of  the  expository 
method.  Therefore  the  conclusion  was  made  that  the  analysis  indi¬ 
cated  that  the  effects  of  the  expository  method  were  significantly 
superior  to  the  effects  of  the  mathematizing  method  in  terms  of 
fluency . 

5.3  FLEXIBILITY 


For  the  purpose  of  the  analysis  of  the  flexibility  scores, 
the  numbers  of  subjects  in  each  level  for  each  treatment  on  the 
basis  of  the  classification  principles  described  in  Chapter  III 
were  as  follows: 


Treatment  M 


Pre-high  Pre-high-  Pre-low-  Pre-low 
medium  medium 


a1  17  23 


a2 


29 


42 


Treatment  E 


25 


23 


20 


52 
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5.3-1  Raw  Scores  for  Analysis 

Raw  scores  for  each  class 
may  be  found  in  Appendix  D. 


in  pre-test  and  post-test 


5.3-2  Preliminary  Tests 

Preliminary  tests  were  conducted  to  verify  the  appropriate¬ 
ness  of  the  classifications.  The  following  hypotheses  were  accord¬ 
ingly  tested,  using  Bartlett's  test  for  homogeneity  of  variance, 
and  a  single  factor  analysis  of  variance  design. 

The  hypotheses  tested  were: 

A.  That  on  the  bases  of  the  pre-test  flexibility  scores,  the 
population  variances  for  the  two  methods  classes  were  homogeneous 
for  each  pre-treatment  classification  level. 

B.  That  on  the  basis  of  the  pre-test  fluency  scores,  the  popula¬ 
tion  means  of  the  two  methods  classes  were  homogeneous  for  each 
pre-treatment  classification  level. 

The  various  null-hypotheses  may  be  symbolically  represented 
as  follows; 


12K1: 
13H  : 

14H  : 

15H  : 


a 


a 


11 

f12 

2 

13 

2 

14 


a 


2 

21 


a 


2 

23 


a 


2 

24 


The  results  of  the  tests  of  the  above  hypotheses  are  sum¬ 
marized  in  Table  VIII. 
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TABLE  VIII 

SUMMARY  OF  RESULTS  OF  BARTLETT’S  TEST  ON  HOMOGENEITY 
OF  VARIANCE  FOR  PRE-TEST  FLEXIBILITY 
CLASSIFICATION  LEVELS 


Hypothesis 

X2obs 

df 

P(a) 

Decision 

12Hi 

4.798 

1 

>.01 

Do  not  reject  I2H^ 

13H1 

0.049 

1 

>.01 

Do  not  reject  13H^ 

14H1 

0.0016 

1 

>.01 

Do  not  reject  14H^ 

15H1 

3.830 

1 

>.01 

Do  not  reject  15H^ 

X?99(1)  =  6,6 
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The  four  means  hypotheses  tested  were  as  follows: 


16H  : 

yll 

P21 

17H1 : 

y12 

P  22 

18H  : 

y  13 

P  23 

19H  : 

y14 

y24 

Summaries  of  analyses  of  variance  for  each  of  the  above 
four  hypotheses  are  given  in  Tables  IX,  X,  XI,  and  XII.  In  each 
case  the  hypothesis  was  not  rejected  and  was  considered  tenable. 
The  classification  levels  were  thus  accepted  as  well  defined. 


5.3-3  Tests  of  Major  Hypotheses 

As  for  fluency,  a  two  factor  analysis  of  variance  was  con¬ 
ducted  on  the  post-test  flexibility  scores  as  criterion  scores, 
using  the  methods  factor  A  and  classification  levels  factor  B, 
and  obtaining  a  least  squares  solution  involving  unequal  cell 
frequencies . 

Preliminary  test  on  the  assumption  of  homogeneity  of  error 
variance  was  performed  on  the  criterion  scores  for  the  variances 
of  the  eight  classes  ab .  .  .  Symbolically,  the  hypothesis  may  be 


expressed  as 

20H-j_ :  aqq  =  °i2  =  °13  =  °14  =  °21  =  a22  =  °23  =  °24 

Bartlett’s  Test  was  used  and  a  y2  °f  15.0392  was  observed.  Since 
the  observed  y2  did  not  exceed  the  critical  value  of  y2gg(7)  =  18.5, 
the  hypothesis  of  homogeneity  of  error  variance  was  considered  ten¬ 


able  . 
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TABLE  IX 

SUMMARY  OF  ANALYSIS  OF  VARIANCE  FOR  16^ 


Source  of  Variation 

SS 

df 

MS 

F  P 

P(ct) 

Pre-high  flexibility- 
classes 

17.694 

1 

17.694 

4.426  0.042 

>.01 

Error 

159.925 

40 

3.998 

Total 

177.619 

41 

TABLE  X 

SUMMARY  OF  ANALYSIS  OF 

VARIANCE 

FOR  17fl1 

Source  of  Variation 

SS 

df 

MS 

F  P 

P(cO 

Pre-high-medium 

flexibility  classes 

0.348 

1 

0.348 

1.397  0.244 

>.01 

Error 

10.957 

44 

0.249 

Total 


11.305 


45 


77 


TABLE  XI 

SUMMARY  OF  ANALYSIS  OF  VARIANCE  FOR  18^ 


Source  of  Variation 

SS 

df 

MS 

F 

P 

P(cO 

Pre- low-medium 

flexibility  classes 

0.122 

1 

0.122 

0.475 

0.494 

>.01 

Error 

12.122 

47 

0.258 

Total 

12.244 

48 

TABLE  XII 

SUMMARY  OF  ANALYSIS  OF 

VARIANCE  FOR  19^ 

Source  of  Variation 

SS 

df 

MS 

F 

P 

P(a) 

Pre-low  flexibility 

classes 

12.752 

1 

12.752 

5.307 

0.023 

>.01 

Error 

221.078 

92 

2.403 

Total 


233.830 


93 
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Tests  on  the  major  hypotheses  were  conducted: 

(1)  That  the  effects  of  the  treatments  were  independent  of  the 

effects  of  the  classification  levels.  Symbolically,  the  hypothesis 

may  be  expressed  as 

21H. :  a2  =0 

1  ag 

(2)  That  there  was  no  significant  difference  between  the  effects 

of  the  two  treatment  groups.  This  may  be  expressed  as 

22H  :  a2  =  0 

1  a 

A  summary  of  the  analysis  of  variance  (least  squares)  is 
given  in  Table  XIII.  Section  (i)  of  Table  XIII  contains  the  class 
means,  and  section  (ii)  contains  the  summary.  The  data  did  not 
support  a  rejection  of  21H^.  However,  22H^  was  rejected. 

An  unweighted  means  analysis  of  variance  was  conducted  on 
the  data  for  the  purpose  of  comparison.  A  summary  of  the  analysis 
of  variance  is  given  in  section  (iii)  of  Table  XIII.  The  effective 
decisions  were  found  to  be  the  same. 

Since  the  respective  means  for  Treatment  E  exceeded  those 
for  Treatment  M,  the  data  indicated  that  the  effects  of  Treatment  E 
were  significantly  superior  to  the  effects  of  Treatment  M  in  terms 
of  flexibility. 

5.3-4  Summary  Conclusion  (Flexibility) 

Comparison  between  the  effects  of  a  mathematizing  method  and 
an  expository  method  in  terms  of  flexibility  was  made  using  a  two 
factor  experimental  design.  The  pre-test  flexibility  scores  were 
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TABLE  XIII 

SUMMARY  OF  ANALYSIS  OF  VARIANCE  FOR  FLEXIBILITY 


(i)  Cell  Means: 

Pre-high  Pre-High-Medium  Pre-low-Medium  Pre-low 


Treatment  D  13.0588  11.303  10.345  9.453 


Treatment  E  15 

13.365 

12.45 

12 

.019 

(ii)  Summary  of  Analysis  of 

Source  of  Variation  SS 

Variance  (Least 

df  MS 

Squares) : 

F  P 

P(a) 

A  Treatments 

299.029 

1 

299.029 

18.258 

2.85x10  5 

<.01 

B  Classification 

Levels 

331.326 

3 

110.441 

6.743 

0.0002 

A 

• 

O 

AB 

3.424 

3 

1.141 

0.069 

0.976 

>.01 

Error 

3652.35 

223 

16.378 

(iii)  Summary  of  Analysis  of 

Variance  (Unweighted  Means) 

Source  of  Variation  SS 

df 

MS 

F 

P 

P(a) 

A  Treatments  251.351 

1 

251.351 

15.347 

0.0001 

<.01 

B  Classification 

Levels  315.585 

3 

105.195 

6.423 

0.0003 

<.01 

AB  2.718 

3 

0.906 

0.0553 

0.983 

>.01 

Error  3652.35 

223 

16.378 
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used  as  a  covariate  for  the  stratification  of  the  subjects  into 
four  pre-treatment  classification  levels.  Analysis  was  performed 
on  the  post-test  flexibility  scores  as  criterion  scores.  The 
methods  were  taken  as  factor  A  and  the  pre-treatment  classification 
levels  as  factor  B. 

The  analysis  indicated  no  significant  A  x  B  interaction 
effects.  The  data  thus  supported  the  hypothesis  that  the  effects 
of  the  methods  were  independent  of  the  effects  of  the  pre-treatment 
classification  levels.  The  analysis  further  indicated  that  the 
main  effects  of  factor  A  were  significantly  different.  The  data 
did  not  support  the  hypothesis  of  no  difference  between  the  effects 
of  the  mathematizing  method  and  the  expository  method.  The  direc¬ 
tion  of  difference  from  an  examination  of  the  means  for  the  mathe¬ 
matizing  and  expository  groups  was  in  favour  of  the  expository 
method.  Therefore  the  conclusion  was  made  that  the  analysis  indi¬ 
cated  that  the  effects  of  the  expository  method  were  significantly 
superior  to  the  effects  of  the  mathematizing  method  in  terms  of 
flexibility . 

5. A  ORIGINALITY 

For  the  purposes  of  the  analysis  of  the  originality  scores, 
the  numbers  of  subjects  in  each  level  for  each  treatment  on  the 
basis  of  the  classification  described  in  Chapter  III  were  as 


follows : 
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Pre-high 

h 

Pre-high- 

medium 

b2 

Pre-low- 

medium 

b3 

Pre-low 

b* 

Treatment 

M 

al 

8 

16 

24 

63 

Treatment 

E 

a2 

21 

13 

17 

69 

5.4-1  Raw  Scores  for  Analysis 

Raw  scores  for  each  class  ab 
be  found  in  Appendix  D. 


ij 


in  pre-test  and  post-test  may 


5.4-2  Preliminary  Tests 

Preliminary  tests  were  conducted  to  verify  the  appropriate¬ 
ness  of  the  classifications.  The  following  hypotheses  were  accord¬ 
ingly  tested,  using  Bartlett’s  test  for  homogeneity  of  variance, 
and  a  single  factor  analysis  of  variance  design. 

The  hypotheses  tested  were: 

A.  That  on  the  bases  of  the  pre-test  originality  scores,  the 
population  variances  for  the  two  methods  classes  were  homogeneous 
for  each  pre-treatment  classification  level. 

B.  That  on  the  basis  of  the  pre-test  originality  scores,  the  popu¬ 
lation  means  of  the  two  methods  classes  were  homogeneous  for  each 
pre-treatment  classification  level. 

The  variance  null-hypotheses  may  be  symbolically  represented 


a 


2 

21 


a 


2 

22 


as  follows: 
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25H  : 

ro 

CsJ  i — 1 

O 

a23 

26H  : 

°14 

=  °24 

The  results  of  the  tests  of  the  above  hypotheses  are  sum¬ 
marized  in  Table  XIV. 

Although  23H^  was  rejected,  the  investigator  proceeded  to 
test  the  means  hypotheses  for  all  levels,  relying  on  the  robustness 
of  the  F  test  with  respect  to  departures  from  homogeneity  of 
variance  assumption. 

The  four  means  hypotheses  tested  were  as  follows: 


27H  : 

yll 

=  y21 

28H  : 

y12 

y22 

29H1 : 

y13 

y23 

30H  : 

y14 

=  y  24 

Summaries  of  analyses  of  variance  for  each  of  the  above 
hypotheses  are  given  in  Tables  XV,  XVI,  XVII,  and  XVIII.  In  each 
case  the  hypothesis  was  not  rejected  and  was  considered  tenable. 

The  classification  levels  were  thus  accepted  as  well  defined. 

5.4-3  Tests  of  Major  Hypotheses 

A  two  factor  analysis  of  variance  was  conducted  in  the 
post-test  originality  scores  as  criterion  scores,  using  the  methods 
factor  A  and  classification  levels  factor  B,  and  obtaining  a  least 
squares  solution  involving  unequal  cell  frequencies. 

Preliminary  test  on  the  assumption  of  homogeneity  of  error 
variances  of  the  eight  classes  ab .  .  .  Symbolically,  this  hypothesis 
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TABLE  XIV 

SUMMARY  OF  RESULTS  OF  BARTLETT'S  TEST  ON  HOMOGENEITY 
OF  VARIANCE  FOR  PRE-TEST  ORIGINALITY 
CLASSIFICATION  LEVELS 


Hypothesis 

X2obs 

df 

P(a) 

Decision 

10.05 

1 

O 

v 

Reject  23H^ 

24Hi 

0.01 

1 

>.01 

Do  not  reject  24H^ 

25H1 

0.054 

1 

>.01 

Do  not  reject  25H^ 

26H1 

0.006 

1 

>.01 

Do  not  reject  26H^ 

=  6-6 
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TABLE  XV 

SUMMARY  OF  ANALYSIS  OF  VARIANCE  FOR  27H1 


Source  of  Variation 

SS 

df 

MS 

F  P 

P(c0 

Pre-high  originality 
classes 

133.341 

1 

133.341 

2.658  0.115 

>.01 

Error 

1354.452 

27 

50.165 

Total 

1487.793 

28 

TABLE  XVI 

SUMMARY  OF  ANALYSIS  OF  VARIANCE 

FOR  28H1 

Source  of  Variation 

SS 

df 

MS 

F  P 

P(a) 

Pre-high-medium 

originality  classes 

2.508 

1 

2.508 

1.312  0.262 

>.01 

Error 

51.630 

27 

1.912 

Total 


54.138 


28 


■* 
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TABLE  XVII 

SUMMARY  OF  ANALYSIS  OF  VARIANCE  FOR  29H 


Source  of  Variation 

SS 

df 

MS 

F 

P 

P(a) 

P re- low-medium 

originality  classes 

2.661 

1 

2.661 

1.009 

0.321 

>.01 

Error 

102.900 

39 

2.638 

Total 

105.561 

40 

TABLE  XVIII 


SUMMARY  OF  ANALYSIS  OF 

VARIANCE 

FOR  30H1 

Source  of  Variation 

SS  df 

MS 

F  P 

P(o) 

Pre-low  originality 

classes 

Error 

119.654  1 

2354.255  130 

119.654 

18.110 

6.607  0.011 

>.01 

Total 


2473.909  131 


- 
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may  be  expressed  as 

31H1:  °11  =  °12  =  a13  =  a14  =  °21  =  °22  =  °23  =  °24 

Bartlett's  test  was  used  and  a  x2  of  11.832  was  observed. 
Since  the  observed  x2  did  not  exceed  the  critical  value  of  X2Qq(7) 

=  18.5,  the  hypothesis  of  homogeneity  of  error  variance  was  consi¬ 
dered  tenable. 

Tests  on  the  major  hypotheses  were  conducted: 

(1)  That  the  effects  of  the  treatments  were  independent  of  the 
effects  of  the  classification  levels.  Symbolically,  the  hypothesis 
may  be  expressed  as 


32H. :  a2_  =  0 

1  a3 

(2)  That  there  wa s  no  significant  difference  between  the  effects 
of  the  two  treatment  groups.  This  may  be  expressed  as 

33H  :  a2  =  0. 

1  a 

A  summary  of  the  analysis  of  variance  (least  squares)  is 
given  in  Table  XIX.  Section  (i)  of  Table  XIX  contains  the  class 
means,  and  section  (ii)  contains  the  summary.  The  data  did  not 
support  rejection  of  32H^.  However,  33H^  was  rejected. 

An  unweighted  means  analysis  of  variance  was  conducted  on 
the  data  for  the  purpose  of  comparison.  A  summary  of  the  analysis 
of  variance  is  given  in  section  (iii)  of  Table  XIX.  The  effective 
decisions  were  found  to  be  the  same. 

Since  the  respective  means  for  Treatment  E  exceeded  those  for 
Treatment  M,  the  data  indicated  that  the  effects  of  Treatment  E 
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TABLE  XIX 

SUMMARY  OF  ANALYSIS  OF  VARIANCE  FOR  ORIGINALITY 


(i) 

Class  Means: 

bl 

b2 

b3 

b4 

al 

35.375 

26 

25.875 

20 

a2 

39.619 

33.538 

29.176 

27.101 

(ii)  Summary  of  Analysis  of  Variance  (Least 

Source  of  Variation  SS  df  MS 

Squares) 

F 

P 

P(a) 

A  Treatments 

2135.814 

1 

2135.814 

16.756 

5 . 94xl0~5 

i — 1 

o 

V 

B  Classification 

Levels 

4669.912 

3 

1556.664 

12.212 

1.55x10  7 

A 

o 

h 

AB 

145.364 

3 

48.455 

0.380 

0.768 

>.01 

Error 

28425.444 

223 

127.468 

(iii)  Summary  of  Analysis  of  Variance  (Unweight 

ed  Means) : 

Source  of  Variation  SS 

df 

MS 

F 

P 

P(cO 

A  Treatments  1111.301 

1 

1111.301 

8.71 

0.0035 

<.01 

B  Classification 

Levels  3731.318 

3 

1243.772 

9.758 

4.43xl0~6 

<.01 

AB  118.513 

3 

39.504 

0.310 

0.818 

>.01 

Error  28425.444 

223 

127.468 
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were  significantly  superior  to  the  'effects  of  Treatment  M  in  terms 
of  originality. 

5.4-4  Summary  and  Conclusion  (Originality) 

Comparison  between  the  effects  of  a  mathematizing  method  and 
an  expository  method  in  terms  of  originality  was  made  using  a  two 
factor  experimental  design.  The  pre-test  originality  scores  were 
used  as  a  covariate  for  the  stratification  of  the  subjects  into 
four  pre-treatment  classification  levels.  Analysis  was  performed 
on  the  post-test  originality  scores  as  criterior  scores.  The  methods 
were  taken  as  factor  A  and  the  pre-treatment  classification  levels 
as  factor  B. 

The  analysis  indicated  no  significant  A  x  B  interaction 
effects.  The  data  thus  supported  the  hypothesis  that  the  effects 
of  the  methods  were  independent  of  the  effects  of  the  pre-treatment 
classification  levels.  The  analysis  further  indicated  that  the 
main  effects  of  factor  A  were  significantly  different.  The  data 
did  not  support  the  hypothesis  of  no  difference  between  the  effects 
of  the  mathematizing  method  and  the  expository  method  in  terms  of 
originality.  The  direction  of  difference  from  an  examination  of 
the  means  for  the  mathematizing  and  expository  groups  was  in  favour 
of  the  expository  method.  Therefore  the  conclusion  was  reached 
that  the  analysis  indicated  that  the  effects  of  the  expository  method 
were  significantly  superior  to  the  effects  of  the  mathematizing 
method  in  terms  of  originality. 
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5.5  TOTAL  RESPONSE 


Each  total  response  score  for  a  student  was  the  unweighted 
sum  of  his  fluency,  flexibility,  and  originality  scores.  For  the 
purposes  of  the  analysis  of  the  total  response  scores,  the  numbers 
of  subjects  in  each  level  for  each  treatment  on  the  basis  of  the 
classification  principles  described  in  Chapter  III  was  as  follows: 


Pre-high 

bl 

Pre-high- 

medium 

b2 

Pre-low- 

mediura 

b3 

Pre-low 

\ 

Treatment 

M 

al 

5 

21 

26 

59 

Treatment 

E 

a2 

20 

16 

23 

61 

5.5-1  Raw  Scores  for  Analysis 

Raw  scores  for  each  class  ab 
may  be  found  in  Appendix  D. 


ij 


in  pre-test  and  post-test 


5.5-2  Preliminary  Tests 

Preliminary  tests  were  conducted  to  verify  the  appropriateness 
of  the  classifications.  The  following  hypotheses  were  accordingly 
tested,  using  Bartlett's  test  for  homogeneity  of  variance,  and  a 
single  factor  analysis  of  variance  design. 

The  hypotheses  tested  \tfere: 

A.  That  on  the  bases  of  the  pre-test  total  response  scores,  the 
population  means  of  the  two  methods  classes  were  homogeneous  for 
each  pre-treatment  classification  level. 
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B.  That  on  the  basis  of  the  pre-test  fluency  scores,  the  popula¬ 
tion  means  of  the  two  methods  classes  were  homogeneous  for  each 
pre- treatment  classification  level. 


The  variance  null  hypotheses  may  be  symbolically  represented 
as  follows: 


34H  : 

°211 

as 

°21 

35H  : 

°212 

- 

a22 

36K  : 

°213 

= 

a23 

37H  : 

°214 

= 

a24 

The 

results 

of  the 

tests  of  the  above  hypotheses  are  sum- 

marized  in 

Table  XX 

• 

The 

four  means  hypotheses  tested  were  as  follows: 

38H  : 

yll 

S3 

y  21 

39H  : 

y12 

S3 

P22 

4  OIL  : 

y13 

= 

U23 

41H  : 

y  14 

as 

y  24 

Summaries  of 

analy; 

ses 

of  variance  for  each  of  the  above  four 

hypotheses  are  given  in  Tables  XXI  to  XXIV.  In  each  case  the  hypo¬ 
thesis  was  not  rejected  and  was  considered  tenable.  The  classifi¬ 
cation  levels  were  thus  accepted  as  well  defined. 

5.5-3  Tests  of  Major  Hypotheses 

A  two  factor  analysis  of  variance  was  conducted  on  the  post¬ 


test  total  response  scores,  using  the  methods  factor  A  and  pre- 
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TABLE  XX 

SUMMARY  OF  RESULTS  OF  BARTLETT’S  TEST  ON  HOMOGENEITY 
OF  VARIANCE  FOR  PRE-TEST  TOTAL  RESPONSE 
CLASSIFICATION  LEVELS 


Hypothesis 

X2obs 

df 

P(a) 

Decision 

34HX 

1.337 

1 

>.01 

Do  not  reject  34H. 

35H1 

0.259 

1 

>.01 

Do  not  reject  35H. 

36H1 

0.0002 

1 

>.01 

Do  not  reject  36H. 

37H1 

3.020 

1 

>.01 

Do  not  reject  37H. 

X?99(1) 

=  6.6 
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TABLE  XXI 

SUMMARY  OF  ANALYSIS  OF  VARIANCE  FOR  381^ 


Source  of 

Variation  SS 

df 

MS 

F 

P 

P(ct) 

Pre-high 

classes 

total  response 

134.56 

1 

134.56 

0.997 

0.328 

>.01 

Error 

3103.2 

23 

134.922 

- 

Total 

3237.76 

24 

SUMMARY 

TABLE 

OF  ANALYSIS  i 

XXII 

OF  VARIANCE 

FOR  39H1 

Source  of  Variation 

SS 

df 

MS 

F  P 

P(oO 

Pre-high-medium  total 

response  classes 

33.36 

1 

33.36 

4.059  0.052 

>.01 

Error 

287.67 

35 

8.22 

Total 


321.03 


36 
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TABLE  XXIII 

SUMMARY  OF  ANALYSIS  OF  VARIANCE  FOR  40H1 


Source  of  Variation 

SS 

df 

MS 

F  P 

P(a) 

Pre-low-medium  total 
response  classes 

43.577 

1 

43.577 

6.089  0.017 

>.01 

Error 

336.341 

47 

7.156 

Total 

379.918 

48 

TABLE  XXIV 

SUMMARY  OF  ANALYSIS  OF  VARIANCE 

FOR  41H1 

Source  of  Variation 

SS 

df 

MS 

F  P 

P(a) 

Pre-low  total  response 

classes  330.653 

1 

330.653 

4.612  0.0338 

>.01 

Error 

8460.513 

118 

71.699 

Total 


8791.166  119 
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treatment  classification  levels  factor  B,  and  obtaining  a  least 
squares  solution  involving  unequal  cell  frequencies. 

Preliminary  test  on  the  assumption  of  homogeneity  of  variance 
was  performed  on  the  criterion  scores  for  the  variances  of  the  eight 
classes  ab,  ,  .  Symbolically,  the  hypothesis  may  be  expressed  as 


Bartlett's  test  was  used  and 
Since  the  observed  y2  did  not  exceed 
18.5,  the  hypothesis  of  homogeneity 
tenable . 


2  2  =  a2  2 
21  22  23  24 

a  x2  °f  11.827  was  observed. 

the  critical  value  of  y2^  = 

of  error  variance  was  considered 


Tests  on  the  major  hypotheses  were  conducted: 

(1)  That  the  effects  of  the  treatments  in  terms  of  total  response, 
were  independent  of  the  pre-treatment  classification  levels.  Sym¬ 
bolically  this  hypothesis  may  be  expressed  as 


43H1:  a 

(2)  That  there  was  no 
of  the  two  treatment 
expressed  as 


significant  difference  between  the 
groups  in  terms  of  total  response. 


effects 
This  may  be 


44K-.  :  a2  =  0 

1  a 

A  summary  of  the  analysis  of  variance  (least  squares)  is 
given  in  Table  XXV.  Section  (i)  of  Table  XXV  contains  the  class 
means,  and  Section  (ii)  contains  the  summary.  The  data  did  not 
support  a  rejection  of  4311^. 


However,  44H^  was  rejected. 
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TABLE  XXV 

SUMMARY  OF  ANALYSIS  OF  VARIANCE  FOR  TOTAL  RESPONSE 


(i)  Cell  Means: 

Pre-high  Pre-High-Medium  Pre-low-Medium  Pre-low 


Treatment  D  65.2 

56 

.286 

51.5 

41. 

508 

Treatment  E  76.8 

67 

.5 

54.13 

54 

(ii)  Summary  of  Analysis  of  Variance  (Least 

Squares) 

Source  of  Variation 

SS 

df 

MS 

F 

P 

P(a) 

A  Treatments 

5572.037 

1 

5572.037 

15.221 

0.0001 

<.01 

B  Classification 
Levels 

14360.229 

3 

4786.743 

13.076 

2.4xl0~8 

<.01 

AB 

872.530 

3 

290.843 

0.794 

0.498 

>.01 

Error 

81634.140 

223 

366.072 

(iii)  Summary  of  Analysis  of  Variance  (Unweighted  Means) : 

Source  of  Variation 

SS 

df 

MS 

F 

P 

P(a) 

A  Treatments 

3027.249 

1 

3027.249 

8.270 

0.004 

<.01 

B  Classification 
Levels 

10617.633 

3 

3539.211 

9.668 

4.98x10" 

6  <.01 

AB 

534.184 

3 

178.061 

0.486 

0.692 

>  .01 

Error 

81634.140 

223 

366.072 
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An  unweighted  means  analysis  of  variance  was  conducted  on 
the  data  for  the  purpose  of  comparison.  A  summary  of  the  analysis 
of  variance  is  given  in  section  (iii)  of  Table  XXV.  The  effective 
decisions  were  found  to  be  the  same. 

Since  the  respective  means  for  Treatment  E  exceeded  those 
for  Treatment  M,  the  data  indicated  that  the  effects  of  Treatment  E 
were  significantly  superior  to  the  effects  of  Treatment  M  in  terms 
of  the  total  response  criterion. 

5.5-4  Summary  and  Conclusion  (Total  Response) 

Comparison  between  the  effects  of  a  mathematizing  method  and 
an  expository  method  in  terms  of  total  response  was  made  using  a 
two  factor  experimental  design.  The  pre-test  total  response  scores 
were  used  as  a  covariate  for  the  stratification  of  the  subjects 
into  four  pre-treatment  classification  levels.  Analysis  was  per¬ 
formed  on  the  post-test  total  response  scores  as  criterion  scores. 
The  methods  were  taken  as  factor  A  and  the  pre-treatment  classifi¬ 
cation  levels  as  factor  B. 

The  analysis  indicated  no  significant  A  x  B  interaction 
effects.  The  data  thus  supported  the  hypothesis  that  the  effects 
of  the  methods  were  independent  of  the  effects  of  the  pre-treatment 
classification  levels.  The  analysis  further  indicated  that  the 
main  effects  of  factor  A  were  significantly  different.  The  data 
did  not  support  the  hypothesis  of  no  difference  between  the  effects 
of  the  mathematizing  method  and  the  expository  method  in  terms  of 
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total  response.  The  direction  of  difference  from  an  examination  of 
the  means  for  the  mathematizing  and  expository  groups  was  in  favour 
of  the  expository  method.  Therefore  the  conclusion  was  made  that 
the  analysis  indicated  that  the  effects  of  the  expository  method 
were  significantly  superior  to  the  effects  of  the  mathematizing 
method  in  terms  of  total  response. 

5.6  SOME  CLINICAL  RESULTS 

Some  of  the  responses  of  the  students  are  reproduced  below. 
In  general,  they  represent  the  generalized  principles  or  categories 
into  which  the  fluent  responses  of  the  students  were  classified 
by  the  investigator.  Thus,  although  a  number  of  the  responses 
are  the  actual  responses  made  by  the  students,  some  of  the  re¬ 
sponses  recorded  here  are  the  generalizations  that  the  investigator 
made  from  the  responses  presented.  The  responses  given  here  are 
thus  flexibility  type  class  responses.  A  list  of  the  flexibility 
responses  and  corresponding,  originality  weights  of  the  study  is 
given  in  Appendix  C. 

QUESTION:  Think  out  true  statements  that  make  use  of  the  idea  of 
a  kasep  in  the  sense  defined  below.  Write  down  ten 
of  them. 

Definition:  A  kasep  is  an  integer  divisible  by  39. 

1.  Kaseps  are  closed  with  respect  to  addition,  subtraction,  mul¬ 
tiplication,  but  not  with  respect  to  division. 


* 
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2.  The  largest  number  of  kaseps  between  A  and  B,  where  B  -  A  =  100, 
is  3,  and  the  smallest  is  2. 

3.  The  greatest  negative  kasep  is  -39,  and  the  smallest  positive 
kasep  is  39. 

4.  Kaseps  are  not  primes,  and  are  divisible  by  1,  3,  13,  and  39. 

5.  Kaseps  may  be  expressed  in  set  notation  as  the  relation 

K  =  {k:k  =  39n},  where  n  is  an  integer.  The  graph  of  K  =  39n 

is  linear. 

6.  Every  integer  can  be  expressed  as  the  quotient  of  a  kasep 
and  39. 

7.  There  is  no  multiplicative  identity  in  the  set  of  kaseps. 

There  are  no  multiplicative  inverses  either. 

8.  If  we  designate  a  kasep  as  kasep(n)  =  39n,  then  kasep(2) 

+  kasep(3)  =  kasep(5). 


QUESTION:  The  following  three  numbers  are  arranged  according  to 

a  definite  pattern.  Try  to  think  out  five  possible 

% 

values  of  x  and  in  each  case  explain  briefly  how  you 
obtained  this  value. 


1. 

x  =  56 

nth 

term 

is 

,-2n 

2. 

x  -  58 

nth 

term 

is 

3. 

X  =  1225 

nth 

term 

is 

600n  -  575 

4. 

,5 

x  =  5 

nth 

term 

is 

5(6  -  2° 

5. 

x  =  10,000 

nth 

term 

is 

3n  -  1 

W) 

,n+l 


8 
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6 . 

x  =  452 

nth  term 

is  [25 

+  20 (n  -  2) ] 2 

7. 

x  =  1825 

T 

n+1 

10 [ Sum 

of  digits  of  T  ]2  +  135 
n 

8. 

x  =  625a  +  b 

Sequence 

is  25 , 

25a+b  =  625,  625a+b* 

*Note:  a3  b3  n3  are  -positive  integers . 

QUESTION:  Write  down  three  sets  of  integers  (m,  n,  q)  which  satisfy 
the  equation:  m2  +  n2  =  q2  The  set  (3,  4,  5)  is  one 
such  set.  Write  down  seven  sets  of  integers  (m,  n,  q) 
which  satisfy  the  equation  m3  +  n3  =  q3. 


m2 

!+ 

ho 

!  II 

q2 

m3  +  n3  =  q3 

1. 

(±7a, 

±24a , 

±25a) 

o 

o 

o 

! - 1 

2. 

(±9a, 

±40a , 

±41a) 

2.  (a,  -a,  0) 

3. 

(a, 

0,  a) 

3.  (0,  a,  a) * 

4. 

(0, 

0,  0) 

5. 

(±8a , 

±15a , 

±17a) 

*  Note:  a,  b,  n3  are  positive  integers . 

QUESTION:  On  the  piece  of  graph  paper  provided,  mark  out  two  points 

A(2,4)  and  B(-2,4). 

(a)  Write  down  any  three  relations  whose  graphs  contain 
these  points. 

(b)  Draw  seven  different  figures  which  pass  through  these 
points . 

1.  {x,  y,  :  y  =  4} 


2.  {x,  y,  :  y  =  x2} 


100 


3. 

{x, 

y> 

o 

CM 

II 

CM 

>> 

+ 

CM 

X 

4. 

{x, 

y» 

:  y2  =  2  I x3 I } 

5. 

{x. 

y> 

:  y  +  x  =  6} 

6 . 

{x, 

y> 

:  -2<x<2  ,  yeR} 

QUESTION:  The  hollowing  three  functions  are  arranged  in  a  definite 

pattern.  Try  to  think  out  five  possible  functions 
that  could  stand  in  place  of  f  (x) ,  and  in  each  case 
explain  briefly  how  you  obtained  the  function: 


(x2+2x+1) ,  (x2+6x+9) ,  f  (x)  ,  .... 

1.  F  =  [x+3^(3  ~1)]2 

n 

2.  F  =  [x+(2n-l)]2 

n 

3.  F  =  [x+(8n-7)?]2 

n 

4.  F^  =  x2+(4n-2)x+(8n-7) 

5.  Fn  =  x2+2  (2n-l)x+{""~  v?}2 

zn-3 

6.  Fn  =  (x+3n  *^)2 


QUESTION:  Make  up  five  word  problems  which  involve  solution  by 

quadratic  equations.  In  each  case,  state  the  equation, 
but  do  not  solve  it. 

1.  Find  three  consecutive  integers,  whose  square  add  up  to  77. 

x2  +  (x+1)2  +  (x+2) 2  =77 

2.  A  farmer  had  2,000  beef  cattle.  Today  he  will  receive  200 
dollars  per  head.  Ten  cows  die  each  week.  The  price  per 


head  rises  50  dollars  each  week.  When  should  he  get  them 


101 

slaughtered  to  make  the  most  money? 

(200  -  lOx) (200  -  5 Ox)  =  P(x) 

3.  What  is  the  largest  rectangular  area  that  can  be  enclosed 
with  a  1000  foot  fence? 

A  =  x (500  -  x) 

4.  Find  two  numbers  whose  product  is  12,  and  whose  difference  is 
a  minimum. 

12  ^ 

X  -  —  =  f(x) 

5.  You  have  10,000  feet  of  rope  and  want  to  encircle  the  greatest 
area,  yet  have  to  divide  the  circle  into  two  equal  parts.  What 
is  the  total  area  of  the  circle? 

Suppose  the  circumference  of  the  circle  is  x.  Then  the  radius 

of  the  circle  is  10,000  -  x 

2tt 

A  =  ^(10,000  -  x)2 
2 

6.  Three  sides  of  a  right  triangle  are  consecutive  integers. 

Find  the  sides. 

x2+(x+l) 2+(xF2) 2  =  f  (x) 

7.  A  field  has  2400  sq.  ft.  The  width  is  2/3  of  the  length. 

What  is  the  perimeter  of  the  field? 


2400  =  (2/3L)L 
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QUESTION:  Write  down  up  to  ten  true  statements  about  the  following 

quadratic  function.  As  far  as  possible  each  statement 
should  deal  with  a  particular  mathematical  quality  of 
the  function: 

y=x2-5x+6 


1.  The  graph  of  the  function  is  a  parabola  which  is  concave  up¬ 
wards  . 


2. 

3. 

4. 

5. 

6. 

7. 

8. 


P  =  2x  -  5.  P- 
dx  dx 


,2  “  ^ 


The  minimum  point  is  (5/2,  -1/4)  and  the  maximum  is  infinite 
The  x  intercepts  are  2  and  3,  and  the  y  intercept  is  6. 

The  axis  of  symmetry  is  the  line  x  =  5/2. 

The  area  under  the  curve  is  given  by  /ydx  =  l/3x2+6x+c.. 

As  x  decreases  in  a  negative  direction  from  0,  y  increases. 
The  domain  of  the  function  is  {x:  xcR}  and  the  range  is 


{y:  y>£K 

9.  The  function  may  be  rewritten  as  y  =  (x-3) (x-2)  or  in  vertex 
form  as  y-£  =  (x-5/2)2. 


A  discussion  of  the  clinical  results  may  be  found  in  sub¬ 
section  6.2-2  of  this  thesis  (page  112). 
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CHAPTER  VI 


SUMMARY ,  DISCUSSION,  AND  PROBLEMS  FOR  FURTHER  STUDY 

6 . 1  SUMMARY 

6.1- 1  Purpose  of  the  Study 

The  study  was  carried  out  with  a  two-fold  purpose:  (1)  to 
construct  subject-specific  (divergent  thinking)  creativity  tests 
in  mathematics  for  Grade  XI  students  taking  part  in  an  experiment 
in  which  two  teaching  methods  were  being  investigated- — a  mathema- 
tizing  method  and  an  expository  method;  and  (2)  to  determine  the 
relative  effectiveness  of  the  two  methods  in  terms  of  (divergent 
thinking)  creativity  in  mathematics. 

6.1- 2  Procedure  and  Hypotheses  of  Major  Interest 

The  study  was  based  on  231  Grade  XI  students  in  ten  classes 
taught  for  a  period  of  about  seven  weeks  by  five  specially-trained 
teachers  in  four  high  schools,  in  the  Edmonton  Public  School 
system.  Each  teacher  taught  two  classes  only — a  discovery  class 
and  an  expository  class.  There  were  111  students  in  the  discovery 
classes  and  120  in  the  expository  classes.  The  students  were  taught 
units  of  linear  and  quadratic  equations  for  a  period  of  about  seven 
weeks . 

The  subjects  were  pre-  and  post-tested  on  forty-minute  tests 
developed  by  the  investigator  and  administered  by  the  respective 
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teachers.  The  investigator  based  his  tests  on  the  findings  of 
Guilford,  that  most  of  the  more  obvious  contributions  to  creative 
thinking  were  in  the  divergent  thinking  production  category,  and 
that  the  factors  of  fluency,  flexibility,  and  originality  are  in 
that  category.'*'  The  pre-test  was  based  on  the  mathematics  that  the 
students  had  studied  perior  to  embarking  on  the  experiment,  and 
the  post-test  was  based  entirely  on  what  was  taught  during  the 
experiment.  Each  question  was  designed  to  test  fluency,  flexi¬ 
bility,  and  originality.  Scores  were  obtained  on  four  divergent 
thinking  criteria — fluency,  flexibility,  originality,  and  total 
response,  the  total  response  score  being  the  unweighted  sum  of  the 
fluency,  flexibility,  and  originality  scores. 

For  each  criterion,  the  pre-test  scores  were  used  as  a 
covariate  for  the  stratification  of  the  subjects  into  four  levels, 
such  that  the  means  of  the  methods  groups  within  each  level  were 
homogeneous  with  respect  to  the  covariate  measure.  The  levels 
were  described  as  Pre-high,  Pre-high-medium,  Pre-low-medium,  and 
Pre-low.  A  two  factor  analysis  of  variance  for  unequal  cell  fre¬ 
quencies  was  performed  on  the  post-test  scores  to  test  the  relevant 
hypotheses.  The  hypotheses  of  major  interest  were: 

1.  That  treatment  effects  of  the  methods  were  independent  of  the 
effects  of  the  pre-treatment  classification  levels. 

2.  That  there  was  no  significant  difference  between  the  treatment 
effects  of  the  expository  method  and  the  mathematizing  method. 
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6.1- 3  Results 

It  was  found  that  for  fluency,  flexibility,  originality,  and 
total  response,  the  treatment  effects  of  the  methods  were  independent 
of  the  effects  of  the  classification  levels. 

It  was  found  that  for  fluency,  flexibility,  originality, 
and  total  response,  the  treatment  effects  of  the  expository  method 
were  superior  to  the  treatment  effects  of  the  mathematizing  method. 

6.1- 4  Limitations 

The  investigator  did  not  use  random  sampling  procedures  to 
select  the  sample.  The  sample  was  drawn  from  the  classes  of 
teachers  in  the  Edmonton  Public  School  system  who  were  willing  and 
able  to  participate  in  the  project.  This  involved  each  teacher 
being  able  to  attend  special  inservice  training  sessions  and  also 
being  in  a  position  to  teach  two  Grade  XI  classes. 

Only  the  students  who  wrote  the  pre-  and  post-tests  were 
included  in  the  study. 

Only  two  factors  were  included  in  the  analysis.  These  were 
the  classification  status  of  the  students  prior  to  embarking  on 
the  experiment,  and  the  methods. 

The  investigator  does  not  claim  that  the  tests  measure  all 
that  there  is  to  know  about  creativity  in  mathematics.  With  di¬ 
verse  ideas  on  creativity,  attempts  have  been  made  by  some,  notably 
Guilford,  to  investigate  aspects  of  creativity  that  can  be  identi¬ 
fied  and  measured.  The  tests  have  attempted  to  identify  and 
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measure  some  of  these  aspects.  Thus  the  abilities  of  fluency, 
flexibility,  and  originality  have  been  identified  and  defined.  It 
is  within  the  context  of  what  the  tests  measure  that  the  results 
may  be  meaningfully  appreciated. 

6.2  DISCUSSION 

6.2-1  Discussion  of  Experimental  Results 

The  experimental  results  appear  surprising  in  view  of  the 

nature  of  the  teaching  methods  used  in  the  experiment.  The  mathe- 

matizing  method  consisting  as  it  did  of  a  stage  of  uninhibited 

exploration  of  a  problem  situation  on  the  part  of  the  pupils,  and 

of  a  stage  of  hypotheses  formulating  by  the  pupils,  would  appear 

specifically  suited  to  developing  the  divergent  thinking  ability 

of  fluency.  The  expository  method  on  the  other  hand,  emphasizing 

as  it  did  the  knowledge  imparting  role  of  the  teacher,  would  not 

appear  to  be  constituted  to  develop  creative  ability. 

One  possible  reason  for  the  relatively  inferior  effects  of 

the  mathematizing  treatment  may  be  lack  of  mastery  of  subject 

matter  as  a  result  of  the  treatment.  In  discussing  the  creative 

process,  writers  have  stressed  the  importance  of  a  first  stage  which 

2 

has  been  called  "preparation"  by  Wallas,  and  "saturation"  by 
3 

Helmholtz.  The  physicist  Helmholtz  expressed  the  theory  that  it 
was  impossible  to  reach  the  point  of  producing  inspiring  ideas 
without  long  preparatory  labor. 


Patrick  quotes  Harding  in 


e 
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connection  with  her  illustrating  the  situation  in  which  the  pre¬ 
paratory  stage  is  deliberate.  He  emphasizes  mastery: 

Before  anyone  could  give  himself  up  to  inspiration  he  must 
have  acquired  a  mastery  over  his  subject  in  order  that  the 
technical  aspects  should  be  in  no  way  a  hindrance  to  him . b 

It  seems,  therefore,  a  necessary,  although  not  a  sufficient  condi¬ 
tion  for  success  in  subject-specific  divergent  thinking  tests  that 
the  subjects  should  have  mastered  the  subject.  The  evidence  avail¬ 
able  indicates  that  the  students  who  were  taught  by  the  expository 
method  mastered  the  subject  better  than  those  taught  by  the  mathe- 

matizing  method  in  terms  of  achievement.  Also  within  the  present 

6 

project,  the  investigation  conducted  by  Tobert  has  revealed  that 
in  terms  of  achievement,  the  effects  of  the  expository  treatment 
as  a  whole  was  superior  to  the  effects  of  the  mathematizing  treat¬ 
ment  . 

Thus,  one  problem  for  further  investigation  would  be  "What 
would  be  the  relative  effects  of  the  treatments  if  mastery  of 
subject  matter  were  equally  achieved  by  both  groups?"  This  may 
be  investigated  either  by  having  pre-determined  standards  of  subject 
matter  mastery,  in  which  case  consideration  would  have  to  be.  given 
to  the  varying  amounts  of  time  needed  by  the  students  to  achieve 
this  mastery,  or  by  using  statistical  controls  for  a  measure  of 
subject  matter  mastery. 

The  mathematizing  method  may  well  have  failed  to  provide 
adequate  motivation  towards  excellence  in  a  substantial  proportion 
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of  the  students  who  were  taught  by  the  method.  In  his  investigation, 
Vance,  one  of  the  investigators  in  the  present  project,  tested  the 
mathematizing  group  students  on  a  Methods  Preference  Scale,  and 
found  that  38  per  cent  of  those  responding  indicated  that  they  would 
like  to  continue  studying  mathematics  by  the  mathematizing  method, 
and  48  per  cent  said  they  would  prefer  the  method  the  teacher  used 


before,  and  14  per  cent  did  not  care  either  way.  Vance  also  inter¬ 
viewed  selected  students 


who  had  been  identified  by  their 
very  satisfied  and  successful  in 
or  dissatisfied  with  this  method 
classroom . 7 


teachers  as  being  either 
using  the  mathematizing  method, 
of  studying  mathematics  in  the 


Comments  which  characterized  these  two  positions  were  "It’s  been  a 
marvellous  experience.  I'm  glad  I  was  in  an  experimental  class." 
and  "I  hated  every  minute;  I  don't  see  how  anyone  could  like  it." 

Vance  asked  the  selected  students  to  point  out  the  diffi¬ 
culties,  disadvantages,  and  problems  of  the  experimental  method, 
and  his  account  of  their  replies  is  here  quoted  in  full: 

The  students  were  asked  to  point  out  some  of  the  difficul¬ 
ties,  disadvantages,  and  problems  associated  with  the  experi¬ 
mental  method.  Many  students  felt  that  it  was  difficult  for 
them  to  adjust  to  this  method  in  grade  11,  that  it  was  too  much 
of  a  change  from  the  way  they  had  always  been  taught,  and  that 
it  takes  time  to  get  used  to  it  and  to  be  able  to  use  it 
effectively.  They  suggested  that  it  be  introduced  in  earlier 
grades  or  that  a  period  of  transition  be  allowed.  As  one  fellow 
put  it,  "students  are  not  used  to  thinking.'''  Some  classes 
apparently  felt  some  apprehension  about  being  involved  in  an 
experiment  and  not  learning  the  required  material  to  pass  the 
course. 

Most  of  those  questioned  thought  the  method  takes  too  long, 
and  that  it  would  be  much  easier  and  quicker  for  the  teacher 
simply  to  tell  the  students  what  they  had  to  know.  Many 
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students  said  they  became  frustrated  when  the  teacher  would  not 
tell  them  an  answer  or  indicate  to  them  if  they  were  right  or 
wrong.  They  felt  that  this  caused  them  to  "learn  incorrect 
methods,  get  confused  or  lost,  and  waste  time".  One  girl  said 
it  was  "maddening". 

Some  students  complained  that  a  few  people  did  all  of  the 
participating  and  monopolized  the  discussions.  A  few  students 
said  that  they  couldn't  follow  the  discussions  and  got  behind. 

On  the  other  hand  several  pupils  said  they  were  often  bored 
because  the  teacher  would  dwell  on  a  point  they  had  already 
understood.  Another  complaint  was  that  it  is  more  difficult 
to  learn  from  other  students  than  from  the  teacher  because 
students  express  their  ideas  poorly. 8 

Vance  noted  that  marks  seemed  to  have  little  to  do  with 
whether  a  student  liked  or  disliked  the  mathematizing  method. 

Many  students  who  liked  the  method  did  so  in  spite  of  re¬ 
duced  grades,  and  several  students  who  were  opposed  to  this 
approach  said  that  they  had  maintained  their  average  in  mathe¬ 
matics.  In  one  class  the  boy  most  opposed  to  the  method  made 
the  highest  mark  on  the  post-test. ^ 

Vance  also  noted  that 

.  .  .  in  general,  those  students  who  were  unhappy  with  the  MM 

said  they  believed  it  was  a  good  way,  perhaps  the  right  way, 
to  learn  mathematics.  They  felt  that  it  had  not  been  good  for 
them  though. ^ 

A  number  of  questions  may  be  posed  here.  "Are  there  certain 
factors  consequent  on  a  drastic  change  of  method  in  Grade  XI,  which 
inhibit  divergent  thinking  in  mathematics?"  "Are  there  certain  fac¬ 
tors  operating  in  the  Senior  High  School  which  inhibit  the  creative 
effects  of  the  mathematizing  method?"  "What  would  be  the  relative 
effects  of  a  mathematizing/expository  investigation  if  the  students 
were  exposed  to  learning  by  the  mathematizing  method  or  some  other 
form  of  discovery  learning  much  earlier  than  Grade  XI? 


"What  are 
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the  effects  of  the  methods  used  in  teaching  other  subjects  of  the 
curriculum  to  the  subjects  during  the  experiment?" 

Factors  which  appear  to  call  for  investigation  in  some  of  the 
problems  raised  above  would  include  the  stress-causing  factors 
such  as  reaction  to  change,  and  anxiety  both  during  the  experiment 
as  well  as  during  the  test.  Also  to  be  considered  are  factors 
concerning  the  students,  such  as  arousal,  expectancy,  and  valence 
(the  latter  words  used  in  the  sense  defined  by  DeCecco)  , and  more 
generally,  their  individual  differences. 

The  relative  superiority  of  the  expository  method  may  well 

be  indicative  of  some  aspect  of  the  method  that  is  positively 

related  to  creativity.  Downey’s  statement  is  relevant  here  that 

the  lecture  is  a  learning  situation  in  which  the  teacher  attempts 

to  hold  before  learners  ideas  that  will  cause  them  to  engage  in 

12 

creative,  critical  thought.  It  may  well  be  that  several  factors 
relating  to  creativity  have  little  to  do  with  teaching  method.  But, 
insofar  as  some  relate  to  teaching  method,  the  expository  method 
provides  better  training  than  the  mathematizing  method. 

One  reason  why  it  would  have  seemed  more  reasonable  for 
the  mathematizing  method  to  indicate  greater  relation  to  creativity 
than  the  expository  method,  is  that  the  mathematizing  method  is 
comprised  of  stages  which  seem  actively  designed  to  foster  crea¬ 
tivity.  It  may  be  questioned  whether  this  type  of  approach  does 
encourage  creativity.  E.  Paul  Torrance  and  Staff  report  a  study 
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in  which  'the  use  of  creative  activities  in  and  of  themselves  does 

13 

not  seem  to  result  in  growth  in  creative  writing." 

Problems  which  need  investigating  in  this  area,  therefore, 
would  include,  "Does  the  mathematizing  method  or  any  other  form  of 
discovery  method  result  in  encouraging  divergent  thinking  in  mathe¬ 
matics  in  any  way,  or  does  discovery  learning  actually  inhibit 
creativity?"  "Does  expository  teaching  encourage  or  inhibit 
creativity?"  "What  are  the  possible  methods  that  could  be  used  to 
encourage  creativity  in  mathematics?" 

6.2-2  Discussion  of  Clinical  Results 

The  responses  made  by  the  subjects  provide  some  validity  for 
the  testing  procedure.  Many  of  the  responses  seem  to  have  been 
first  thought  out  by  the  students  during  the  testing  situation.  In 
many  cases  the  reaction  of  the  examiners  to  the  responses  of  the 
students  was  one  of  surprise,  delight,  and  admiration.  Others  have 
also  expressed  similar  reactions  to  some  of  the  responses.  As  a 
result  of  marking  and  studying  the  responses,  the  investigator  would 
strongly  suggest  that  many  of  the  responses  are  creative  in  the 
sense  that  they  had  "stemmed  from  a  reintegration  of  existing 
materials,"^  which  when  completed  contained  elements  that  were 
new  to  the  students,  and,  in  addition,  were  appropriate  and  useful. 

Many  of  the  responses  were  expressed  crudely.  Thus,  for 
example,  in  Post-test,  question  2,  a  student  gave  the  response 
x2  4-  18x  +  81,  with  the  explanation  "multiply  the  perfect  square  by 
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3  each  time.1'  The  investigator  accepted  this  as  an  appropriate 
answer,  and  that  the  student's  response  fell  in  the  category 
expressed  by  the  sequence: 

(x+1)2,  (x+3) 2 ,  (x+9) 2 ,  (x+27) 2 ,  .  .  . 

In  some  cases  a  student's  wrong  responses  indicated  consider¬ 
able  background  thinking,  as  for  example  in  Pre-test  question  1,  a 
student  expressed  the  idea  that  there  are  only  38  integers  which  are 
not  kaseps.  One  may  wish  to  dismiss  this  response  at  first  glance 
as  obviously  wrong,  since  it  is  very  easy  to  list  more  than  38 
integers  which  are  not  kaseps.  However,  if  one  were  to  consider 
congruence  classes  module  39,  there  are,  indeed,  exactly  39  distinct 

congruence  classes,  which  may  be  written  using  the  notation  of 

„  ,  .  15 

Herstem,  as: 

[0],  [1],  [2],  .  .  .  [38] 

Clearly  [0]  determines  all  kaseps.  Thus,  there  are  38  distinct 
congruence  classes  which  contain  no  kaseps. 

The  student  may  well  have  been  thinking  of  distinct  con¬ 
gruence  classes  module  39  when  he  made  his  response.  The  investi¬ 
gator  in  this  case  decided  that  the  data  was  insufficient  to  con¬ 
sider  his  response  as  appropriate.  But  there  is  a  distinct  possi¬ 
bility  that  this  process  of  thinking  may  have  been  in  his  mind  in 
a  crude,  "non-verbal"  way.  An  incorrect  response  of  this  nature 
has  extensive  potentialities  for  learning  in  the  hands  of  an 
imaginative  teacher. 
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The  responses  of  the  students  have  several  implications  for 
the  teaching/learning  situation.  In  general,  one  conjectures  that  a 
number  of  the  responses  are  the  students'  own  deductions  which  may 
well  have  otherwise  been  explained  or  proven  by  the  teacher.  Thought 
out  as  they  were  by  the  students,  some  students  at  least  would  be 
highly  motivated  when  these  responses  are  used  as  bases  and  spring¬ 
boards  in  the  teaching-learning  situation. 

The  responses  may  be  used  by  a  teacher  to  investigate  new 
fields  of  mathematics  which  may  be  at  hand  in  such  situations,  but 
which  may  traditionally  have  been  reserved  for  later  or  more  formal 
treatment.  The  responses  of  the  students  on  pre-test  question  1 
could  easily  lead  to  the  study  of  rings .  The  response  that 
kasep(2)  -f  kasep(3)  =  kasep(5)  may  lead  to  the  operation  preserving 
property  of  homomorphisms .  The  responses  in  pre-test  question  2 
and  post-test,  question  2,  may  lead  to  studies  in  sequences  and 
series.  The  responses  to  post-test  question  4  may  lead  to  a  study 
of  maxima  and  minima,  and  fundamental  ideas  of  calculus.  The 
response  to  post-test,  question  1  may  provide  material  for  the  study 
of  various  topics  on  curves. 

The  type  of  questioning  employed  here  appears  to  give  every 
student  an  opportunity  of  using  what  he  knows.  Evans,  commenting 
on  his  own  tests  in  a  similar  situation,  thinks  that  the  results 
of  his  testing  procedure  suggest  "the  possibility  that  the  classroom 
teacher  might  provide  experiences  which  enable  all  of  his  students 
at  their  own  level  of  development,  to  have  a  part  in  formulating 
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mathematical  concepts.1.  The  investigator  feels  that  this  is  also 
true  here.  By  careful  use  of  divergent  thinking  situations,  the 
teacher  may  be  able  'to  help  the  student  to  determine  what  he  really 
knows,  and  to  create  mathematical  ideas  based  on  his  existing  know¬ 
ledge. 

There  are  indications  that  this  type  of  thinking  might  pro¬ 
fitably  be  used  in  problem  situations  in  which  there  are  definite 
answers.  Even  though  there  may  be  only  one  answer,  there  may  be 
various  ways  of  obtaining  that  answer.  A  deliberate  quest  for 
different  strategies  for  solving  a  problem,  without  actually  follow¬ 
ing  any  one  immediately,  may  lead  on  later  consideration  to  some 
ways  of  obtaining  the  desired  solution  and  provide  opportunities 
for  other  ways  of  looking  at  the  problem. 

Problems  that  arise  from  the  above  considerations  include, 
"Kow  could  divergent  thinking  principles  be  best  used  as  part  of 
teaching  methods?"  "Kow  could  divergent  thinking  principles  be 
best  used  in  general  problem  solving?" 

6.2-3  Discussion  of  Some  Aspects  of  the  Tests 

A  table  of  intercorrelations  of  the  divergent  thinking 
ability  scores  and  intelligence  test  scores  may  be  found  in  Appendix 
E.  The  scores  of  subjects  in  two  school  classes  of  the  same  school 
which  had  not  been  included  in  the  analyses  of  the  study  because 
the  two  school  classes  had  not  been  taught  by  the  same  teacher,  were 
included  in  the  calculations  of  the  intercorrelations.  It  may  be 
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noticed  that  the  intercorrelations  of  the  fluency,  flexibility,  and 
originality  scores  were  high,  ranging  from  0.56  to  0.84  in  the  pre¬ 
test  scores  and  from  0.89  to  0.95  in  the  post-test  scores.  Similar 
intercorrelations  appear  to  have  been  obtained  by  Evans,  who  has 
reported  intercorrelations  ranging  from  0.78  to  0.93  on  one  of  his 

eighth  grade  tests  as  typical  of  the  intercorrelations  he  obtained 
1 6 

on  his  tests.  Prouse  has  also  reported  that  "correlation  coef¬ 
ficients  between  fluency  and  originality  scores  on  the  divergent- 
thinking  items  were,  with  one  exception,  in  the  interval  0.77  to 
0.97. It  would  appear  that  the  divergent  thinking  measures 
investigated  in  these  studies  may  all  be  highly  dependent  one  meas¬ 
ure  only.  Since  the  factors  determined  by  Guilford  indicated  dis- 

18 

tinct  abilities,  it  is  a  problem  for  research  to  find  out  how  valid 
measures  of  the  various  divergent  thinking  abilities  in  mathematics 
could  be  determined  that  would  be  as  independent  of  each  other  as 
possible.  It  may  also  be  observed  that  the  correlation  between  the 
divergent  thinking  ability  scores  and  the  intelligence  test  scores 
obtained  from  the  schools  is  uniformly  low.  This  lends  support  to 
the  suggestion  that  the  usual  intelligence  test  scores  do  not  measure 
(divergent  thinking)  creativity. 

Certain  problems  arise  from  the  scoring  procedure  used.  The 
fluency  score  was  defined  as  the  number  of  appropriate  responses 
made  by  a  student,  and  an  appropriate  response  was  defined  as  a 
response  which  satisfied  the  requirements  of  a  problem.  Variation 
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would  not  normally  be  expected  in  the  final  score,  when  different 
examiners  are  required  to  assess  the  fluency  score. 

The  flexibility  score  was  conceived  as  the  number  of  different 
responses  made  by  a  student.  A  set  of  fluent  responses  having  an 
underlying  principle  formed  a  flexibility  class.  Two  responses 
were  different  if  they  belonged  to  two  distinct  classes.  If  they 
were  in  the  same  class  they  were  not  considered  different. 

The  classification  of  the  fluent  responses  was  done  by  the  in¬ 
vestigator,  and  hence  it  was  essential  to  know  the  classification  em¬ 
ployed  in  order  to  reproduce  the  flexibility  mark  for  a  student. 

Thus  there  is  a  distinct  subjective  quality  about  the  flexibility 
score. 

One  major  research  problem  is  to  find  a  set  of  classification 
principles  which  would  reduce  or  eliminate  the  subjective  aspect  of 
the  flexibility  score.  This  is  essentially  a  classification  prob¬ 
lem.  Another  investigator  could  classify  the  fluent  responses  in  a 
different  way,  and  obtain  different  flexibility  scores.  Classifi¬ 
cation  problems  are  encountered  in  many  disciplines,  and  classifi¬ 
cation  is  often  subjective.  Simpson  notes  that  "Almost  any  student 

of  zoology  might  invent  for  the  particular  animals  with  which  he  is 

,19 

concerned  a  wholly  new  classification.  ..."  One  would  like  to 
have  a  set  of  criteria  that,  applied  to  any  set  of  fluent  responses, 
would  lead  to  only  one  classification  system. 

The  originality  score  for  a  flexibility  class  was  awarded  as 
an  index  of  the  degree  of  uncommonness  of  the  flexibility  class. 

20 

The  conversion  scheme  used  has  been  based  on  that  used  by  Evans. 


'  « 


118 


There  is  need  to  investigate  this  scheme  in  more  detail,  in  order  to 
determine  whether  it  gives  the  best  possible  discrimination. 

Certain  probl'ems  also  arise  in  connection  with  the  test 
administration.  In  this  case  each  test  was  taken  at  one  sitting. 

The  students  may  not  have  given  comparable  time  to  each  problem. 

What  would  be  the  effects  if  the  tests  had  been  spread  out  over  a 
long  period,  and  only  one  problem  had  been  given  on  any  one  day? 

A  period  of  incubation  is  considered  an  essential  part  of 
the  creative  process.  It  would  be  of  importance  to  investigate  how 
best  incubation  could  be  allowed  for  in  the  school  situation,  the 
effects  on  creative  production  when  incubation  is  allowed  for,  and 
the  means  of  testing  these  effects. 

From  the  responses  of  the  students  it  is  fair  to  say  that 
the  tests  as  given  succeeded  in  encouraging  the  students  to  formu¬ 
late  mathematical  concepts  of  their  own. 

6.3  PROBLEMS  FOR  FURTHER  STUDY 

Problems  for  further  research  are  listed  below.  Most  of 
these  have  already  been  mentioned  in  the  discussion  above. 

1.  Are  there  certain  factors,  consequent  on  a  change  of  method  in 
the  Senior  High  School  which  inhibit  creativity  in  mathematics? 

2.  Are  there  certain  factors  operating  in  the  Senior  High  School 
which  inhibit  the  creative  effects  of  a  discovery  method? 

3.  What  would  be  the  results  of  a  mathematizing/expository  inves¬ 
tigation  if  the  subjects  were  exposed  to  the  mathematizing  method 
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much  earlier  than  the  Senior  High  School? 

4.  What  are  the  effects  on  a  discovery/expository  investigation 
of  the  methods  taught  in  other  subjects  of  the  curriculum,  during 
the  experimentation? 

5.  Does  expository  teaching  inhibit  or  encourage  creativity? 

6.  What  are  the  possible  methods  that  could  be  used  to  encourage 
creativity  in  mathematics? 

7.  How  could  divergent  thinking  principles  be  best  used  as  part  of 
teaching  method? 

8.  How  could  divergent  thinking  principles  be  best  used  in  general 
problem  solving? 

9.  How  could  the  subjective  aspects  of  the  flexibility  score  be 
eliminated? 

10.  What  are  the  effects  on  creative  production  when  incubation 
is  allowed  for? 

Cronbach  has  suggested  that  inductive  teaching  has  relevance 

in  nearly  every  area  of  the  curriculum  but  that  its  function  is 

21 

specialized  and  limited.  This  may  well  be  true  of  all  forms  of 
discovery  teaching  and  learning.  It  is  perhaps  a  pressing  need 
for  research  to  find  out  where,  when,  and  for  whom  discovery  learning 
is  best. 

6 . 4  CONCLUDING  REMARKS 

The  main  purpose  of  this  study  was  to'  determine  the  relative 
effectiveness  of  a  specific  discovery  method  and  a  specific 
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expository  method  in  terms  of  (divergent  thinking)  creativity  in 
mathematics.  A  vital  secondary  purpose  was  the  construction  of 
tests  for  the  study. 

The  study  was  part  of  a  group  project  in  discovery/expository 
teaching  in  which  a  number  of  dependent  variables  were  being  inves¬ 
tigated.  The  results  of  this  study  indicated  that  the  treatment 
effects  of  the  specific  expository  method  were  superior  to  the  treat¬ 
ment  effects  of  the  specific  discovery  method  in  terms  of  fluency, 
flexibility,  originality,  and  total  response.  The  results  were 
surprising  in  view  of  the  nature  of  the  methods,  and  raised  several 
problems  which  need  further  investigation. 

It  was  necessary  to  use  some  principles  for  identifying  and 
measuring  creativity  in  mathematics  in  order  to  make  meaningful 
comparisons  of  the  teaching  methods  in  terms  of  creativity.  The 
tests  accordingly  were  based  on  the  research  and  findings  of  Guil¬ 
ford,  Prouse,  and  Evans.  There  are  still  several  problems  concerned 
with  identifying  and  measuring  creativity,  and  even  when  creativity 
is  confined,  for  a  moment,  to  divergent  thinking,  the  problems  are 
many. 

One  of  the  most  noteworthy  results  of  the  tests  is  that  they 
enabled  the  subjects  to  "formulate  mathematical  concepts."  The 
indications  are  that  this  type  of  testing  could  be  used  to  much 
advantage  in  teaching/learning  situations.  Cattell  and  Bucher  have 
commented  that  "creativity,  although  not  easily  definable,  is  of 
great  importance,  both  in  the  advance  of  civilization  and  in  the 
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smooth  running  of  society."'  There  is  great  need  for  continued 
research  on  creativity,  and  on  the  various  effective  ways  in  which 
students  may  be  able  to  produce  useful  mathematical  ideas  of  their 
own. 
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APPENDICES 


APPENDIX  A 


SOME  APL  COMPUTING  FUNCTIONS  USED  BY  THE  INVESTIGATOR 


THE  NOTATION  USED  HERE  IS  THE  APL/  36  0 
NOTATION.  A  DESCRIPTION  OF  THIS  NOTATION 
MAY  BE  OBTAINED  FROM  A . D . FA LKOFF ' AND 
K.E.r  1 ZER  SO  N ,  A  PL  /  3  5  0  :  USEE'S  HA  Nil  A  I , 

(  I .  B  .  M .  ,  // AJ7  YORK  T  196  8). 


The  functions  in  this  Appendix,  with  the  exception 
of  the  function  ANOVA  were  all  designed  by  the 
investigator . 
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HOWRELSYST 

THIS  FUNCTION  CALCULATES 


THE  RE LIAS  I LITE  OF 


SCORES  ARRANGED  IN  THE  FORM  OF  /I  RECTANGULAR 
MATRIX  T  I/HERE  THE  SCORE  T[J;J]  REPRESENTS 
TI1E  SCORE  OF  INDIVIDUAL  I  GIVEN  BY  RATER  J. 
THE  SCORES  ARE  ADJUSTED  IN  THE  FUNCTION  SO 


THAT  THE  WITHIN  RATER 
THE  SYNTAX  IS: 

REL<-  iJN  RELSYST 
WHERE  THE  LEFT 
SAME  NUMBER  OF 
ZEROS  WHEREVER 
AND  ONES  EVERYWHERE  ELSE. 
CONTAIN  ZEROS  WHEREVER 
NOT  RATED. 


VARIATION  BECOMES  Z 


.n 


0. 


T 


MATRIX  OF  THE 
AS  T  CONTAINING 


ARGUMENT  NN  IS  A 
ROUS  AND  COLUMNS 
THERE  IS  A  MISSING  RATING  IN  T 
THE  MATRIX  T  SHOULD 
THE  INDIVIDUAL  WAS 


NRELSYST [  []]  V 
V  REL<-IJN  RELSYST  T 
[  1]  NAN<-(  +  /l  1]  (  0  °  .  *NN)  )  ,  (  +/(  0  -  NN  ) ) 

[2]  JN+NANl  i  (  (  p?)[  2]  )] 

[ 3]  IN+( NANI ( ( pT) C  2] )t i ( pNAN )] ) 

[  4  ]  JMEANS<-(  +  /  [  1  ]  T )  v  JN 

[5]  GBAR<-(  +  /  +  /T)t(+/JN) 

[  6  j  DE  VB  A R  <-JM E A  NS  -C-BAR 
[  7 ]  DE VMA T<-(pT)p D E VB AR 
[3]  AJDB+( 0  ©  .  -NN ) 

[9]  AJDB1<-DEVMAT*AJDB 

[10]  DE VMA T+D E VMA T-AJDB 1 

[11]  ADJD  A TA <-T-DE  VMA  T 

[12]  ADT+SADJDATA  . 

[13]  IN  ANOVA  ADT 

[14]  Fl+MSBi( pIN) -1 

[15]  F2+MSE* ( ( p IN ) - 1 ) x ( ( p JN ) - 1 ) 

[16]  REL<-{Fl-F2)±Fl 


V 
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no 

i/'BAR 

T 

LETTS 

77(7 

yj 

(7/7 

PER 

FORE 

S 

BART LETTS 

.77 

j!7/ 

OF 

VA 

ill  /l  x  »' 

c 

E  IN  ACCOR. 

PZ 

u-  ;i 

9  5 

. 

/77  777 

1  11  c 

L> 

YET AX  IS: 

/v  S 

UAR 

T LETTS  HNS 

x  '  O 

j 

o  Z 

VE 

CTOR 

CONTAINING 

tjii  s  i 
HOdOGi 
Gill  EG 


UiU  BE 
CLAES 

TilE  SUES  OF 
AJ  A  VECTOR  IE  THE  ORDER  OF  NFS. 


IS  OF  OBSERVATION'S  IN  EACH  THEATRE  NT 
THE  FUNCTION  REQUIRES  AN  INPUT  OF 

SQUARES  OF  THE  THEATRE NT  CLASSES 


HEART LETT SI □] V 
7  X S <-B A R  T LET TS  IJNS 

[1]  KAY+pNNS 

[2]  FJAY<R7NS- 1 

[3]  EF++/FJAY 

[  'i  ]  CA  (  +  /  (  1  F  JA  Y )  )  -  (  * EF ) 

[  5  ]  CFE<- 1  +  (  v  (  3  x  (  KAY-  1 )  )  )  x CA V 

[  G  j  o  S  J  A.  Y<-  T  ] 

[  7  ]  :•  iS  ERR  <-  (  'h  /S  S  JA  Y )  EF 

[  3  ]  Eli  UEF  x  (  1 0  a;  IS  ERR  ) 

[  9  ]  SJSQ UARED+- (  FZJZ  Y)  *Fe7Z  Y 

[  1 0  J  F  L  d  '/*-F  J  A  Y  x  (  1  0&3J6QV  A  R  ED) 

[11]  F L:  1  ZP-FZ  /  -  (  !-  /F  LS  V ) 

[12]  X  SH  2.30  3  t  CEE)  *F  LIE  IS 
7 


EiOUSSJSSY 

THIS  FUNCTION  CALCULATES  THE  BUR  OF  SQ 
A  GIVEN  SET  OF  SCORES.  THE  SYNTAX  IS: 

R  > }  ij  J  tD  7  7 

HE  ERE  I  IS  A  VECTOR  OF  THE  SCORES . 


FflF 


[  11 


VFJJJ5Y[[]]  7 
7  R+-SSJSSY  X 

R.<-(  +/  X*  2  )  -(  (  +/7)  *2)  K  pZ) 


7 
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THE 

OF 

THE 


I/HE 


THE 

OBS 

THE 

IN 


HOW  A  NO  VA 

FUNCTION  A  NOVA  PERFORMS  A  SINGLE  FACTOR  ANALYSIS 
VAR  I A N CE  I N  A C COR D A N CE  WI TH  WINER (  19  6  2  ,  PA GES  9 6  - 
SYNTAX  IS: 

ff<n:g  a  nov a  d 

RE  D  IS  A  RECTANGULAR  MATRIX  SUCH  THAT  P[J;J] 
ESENTS  THE  OBSERVED  SCORE  FOR  ELEMENT  I  IN 
ATMENT  CLASS  J.  ALSO  DZl;Jl<-0  WHENEVER  THE 
ERVATION  IS  MISSING .  N G  IS  A  VECTOR  REPRESENTING 
NUMBERS  OF  OBSERVATION  IN  EACH  TREATMENT  CLASS 
THE  ORDER  OF  THE  COLUMNS  OF  D. 


VANOVAL  □]  V 

V  FF+-NG  ANOVA  D 

[  1]  551-*-+  /(  (/-/■«-  +  /[  1]Z))*2)  *NG 

[  2 ]  551 

[3]  SS2<-  +  /  +  /D  *2 

[  M  ]  55  3-*-(  (  +  /  +  /C  1  ]  5  )  *2  )i  +  /NG 

[5]  552,553 

[6]  MSB<-SS  1-55  3 

[7]  7755^552-551 

[  3  ]  F+(MS3  v  (  p  NG )  -  1 )  H4SE*  (  +  /  775 )  -p  775 

[  9  ]  FF<-F 

[10]  MEANS+IHNG 

[11]  VAR+( (  +  /[ 11D*2 )*NG) -MEANS *2 

V 


10  0). 
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HO  l  /LEA S TS QUAR ES 
THIS  FUNCTION  IS  PATTERNED  ON 


WINER  (  19  6  2  ,  PA  GES  29  2-  29  3  ). 


IT  PERFORMS  A  2xq  FACTORIAL  ANALYSIS  OF  VARIANCE 
INVOLVING  FIXED  FACTORS  RETURNING  A  LEAST  SQUARES 
SOLUTION.  THE  SYNTAX  IS: 

■L<-CELLFRQ  LEAS  TSQIJ ARES  AB 


WHERE  CELLFRQ 
AND  AB  IS  THE 


IS  THE  2x4 
2x4  MATRIX 


MATRIX  OF  CELL 
OF  CELL  TOTALS 


FREQUENCIES 

CORRESPONDING 


TO  CELLFRQ.  THE  FUNCTION  REQUIRES  AN  INPUT  OF 
SUM  X  SQUARED ,  THAT  IS  +  /X*2  WHERE  X  IS  A  VECTOR 
OF  ALL  OBSERVATIONS . 


V  LEAST  SQUARE  S[  H3  V 

V  L<-CELLFR  Q  L FA.ST SQUARES  A3;SUMSQX 

[1]  CN++/1 1] CELLFRQ 

[2]  RN*-+/  CELLFRQ 

[3]  3<-  +  /lllA3 

[4]  A<-  +  /AB 

[5]  G<--\-/ A 

[6]  NTWODOTS++/CN 

[  7 ]  0 NE< - ( G * 2 ) v N TWO DO TS 

[3]  SUMSQX<-  D 

[9]  TWO  *-SUMSQX 

[10]  THR  EE*-  +  /  ( A  *  2  )  *i?  N 

[11]  FOUR*-+  /  (B  * 2  )  v Cil 

[12]  FI  VE<-  +  /+/(AB*  2)  CELLFR  Q 

[13]  CELLMEA  NS*- A3  ±  CELLFR  Q 

[  14  ]  DJ*-CELLMEANSl  1  ;  ]  -  CELLMEANSl  2  ;  ] 

[15]  WJ<- (  x  /  [  l  ]  CELLFR  G  )*(+/[  1  3  CELLFR  Q  ) 

[16]  WJDJ*-DJ*WJ 

[17]  SUMWJ+t /WJ 

[18]  SUMWJD  J*-  -!-  /  WJD  J 

[19]  5  UMWJD JS Q*-  +  /( WJx ( D J *  2 ) ) 

[20]  SSA3ADJ*-SUl!UJDJSQ-( ( SUMWJD J *2 ) iSUMWJ ) 

[21]  SSCELLS+FIVE-ONE 

[22]  S SA *■ THR  EE-0  HE 
[2  3]  SSB  <-F  OUR -0  HE 

[ 24 ]  SSAADJ*-( SS CELLS -SSAB AD J) - SSB 

[25]  SSBADJ< -  ( SS CELLS -SSAB AD J ) -SSA 

[26]  SS  ERROR  *-  TWO  -  FI  VE 

[2  7]  D FREEDOM*-  13  3  ,  (  (  +  /NTWODO  TS )  -  8  ) 

[23]  SSQ<-  (  SSAADJ,  SSB  AD  J ,  SSAB AD J ,  SS  ERROR  ) 

[  29]  MEANSQ<-SSQrDFREEDOM 

[30]  L*~MEANB  Ql  i  3]  W  '■'/  T  A.  NS  Q  [  4] 
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HOUUm/AV 

THIS  FUNCTION  IS  PATTERNED  ON  WINER,  PAGES  242, 24  3. 
IT  PERFORINS  A  2  x4  UNWEIGHTED  MEANS  ANALYSIS  OF 
VARIANCE  FOR  FIXED  FACTORS .  THE  SYNTAX  IS: 

u<-v  um-ZAV  u 

WHERE  VISA  VECTOR  CONTAINING  THE  EIGHT  CELL 

IS  A  VECTOR  CONTAINING 


FREQUENCIES  IN  ORDER,  AND 
THE  OBSERVED  SCORES  CORRESPONDING  TO  V. 


[1] 

[2] 

[3] 

[4] 

[5] 
C6] 
[7] 
[3] 

[9] 

[10] 
[11] 
[12] 

[13] 

[14] 

[15] 

[16] 

[17] 

[18] 

[19] 

[20] 
[21] 
[22] 

[23] 

[24] 

[25] 

[26] 


7  U  mi  A  Vl  n]  V 


u<-v  um/AV  w 


A1B1  +  +/CL11+I/Z  i  (  VI  1]  )] 

41S2«-  +  /CL12-H/[  (  7[  1]  )  +  i  (  VI  2]  )] 

A  IB  3-<-+  /CL1  3 <-N [  (  +  /  VL  i  2  ]  )  +  (  i  (  Vl  3  ]  )  )  ] 
413  4+-+/ CL  1 4 +-J7 [  (  +  /7[  i3])l(i(  7[  4]  )  )] 


4  2  3 1  +-  +  /  CL  2 1  [  (  b/7[  i4]  )•;-(  i  (  7[  5]  )  )] 

4  23  2+-+/  CL2  2  <-W  [  (  +  /7[  x  5]  )  +  (  i  (  Vl  6]  )  )] 
4  2  3  3  +-+  /  CL  2  3  +-;■/  [  (  +  /  7[  16]  )  +  (  i(  7[7]  ))] 


4  23  4-+-+/CL2  4+-3[  (  +  /7[  i  7]  )  +  (  i  (  Vl  8]  )  )  ] 
NH+-  3r(+/((l+7))) 


CLSUMS+-  (  2  4  )  p  (  4 13  1 , 4 1 3  2 , 4  13  3 , 4 1 3  4  ,  >1231  ,  423  2  ,  4  23  3  ,  A  234  ) 
CLM FA  NS <-CLSUNS±(  2  4  )  p  7 

SSWCELL+(SSJSSY  C Lll ) + ( S S JS S Y  CL1 2 ) + ( SSJSSY  CL13)+( 
SSJSSY  CL14 )+(55355Y  CL21)  +  (SSJSSY  CL22)  + (SSJS SY  CL 23) 
SSI! CELTj<-SSW CELL+(  SSJSSY  CL2  4  ) 


3  2  +-  +  /  J7  *  2 

U 1  +-((+/  +  /  CL/! 34  35  )  *  2  )  i  8 

4+  +  / CL/;  34  33 

B-f-+ /[  1]  CLM 34 35 

3  3+-(  +  /4  *2  )v4 

34+-(  +  /3*2  )t2 

35+-+/  +  /C  LM  FA  77 5*2 

SAS+IJBx  (3  3-31  ) 

535+- 33  x  (  34  -31) 

5435+-53x  (  (3  5  +  31  )-(  33+34  )) 
3F5+-(1  3  3  ,((+/7)-8)) 

MSS+-(  S AS  ,  SBS  ,  SABS ,  SSWCELL  )  +333 
3+-(//55[  i  3]  )  +  (//55[  4]  ) 
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APPENDIX  B 


SET  OF  PROBLEMS  (ORIGINAL  DRAFT) 
DESIGNED  BY  INVESTIGATOR  AND  SUBMITTED 
TO  REFERENCE  GROUP  FOR  EVALUATION 
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PRE-TEST  -  ON  CREATIVITY 


1.  Give  at  least  five  examples  of  relations  which  are  not 
commutative . 

2.  What  is  an  even  number?  Is  31  an  even  number?  Can  you  think 
of  any  situation  in  which  31  could  be  an  even  number? 

3.  Think  out  as  many  possible  true  statements  as  you  can,  that 
make  use  of  the  idea  of  a  kasep  in  the  sense  defined  below. 

Definition  -  A  kasep  is  an  integer  which  is  devisible  by  39. 

4.  (i)  Do  you  think  a  greatest  integer  exists?  Why? 

(ii)  Do  you  think  a  smallest  integer  exists?  Why? 

5.  What  are  the  possible  relatives  that  the  following  set  of 

ordered  pairs  could  define? 

(0,1),  (1,10),  (2,100),  (3,1000),  (4,1000) 

6.  The  following  three  numbers  are  arranged  according  to  a  definite 
pattern.  Try  to  think  out  possible  values  of  x  and  in  each 
explain  briefly  how  you  obtained  the  value. 

25,  625,  x 

7.  Think  out  some  practical  ways  of  illustrating  a  mapping.  One 

practical  way  is  to  consider  it  as  a  pop  machine  where  one  puts 
in  a  coin  and  gets  a  pop.  Thus  coin  is  mapped  into  pop. 

8.  List  at  least  five  mathematical  theorems  that  you  have  learned 

or  found  out  for  yourself  that  you  think  are  useful  in 
engineering . 

9.  How  would  you  explain  to  someone  who  does  not  understand  it 
that  -lx  -  1  =  +1  ? 

10.  Give  at  least  three  examples  of  a  many-to-one  mapping. 

4  3  2 

11.  How  will  you  go  about  solving  the  equation  x  +x  +  x  +1-0? 
Do  not  solve  it.  It  is  sufficient  for  you  to  explain  how  you 
will  go  about  solving  it. 

12.  Write  down  at  least  six  suggestions  that  you  think  should  help 
students  to  enjoy  mathematics. 

13.  If  a  periodic  decimal  is  defined  to  be  a  terminating  decimal 

(like  24.513)  or  a  recurring  decimal  (like  1.33333 . ), 

think  of  and  list  five  different  non-periodic  decimals. 
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14.  State  at  least  six  equivalance-relations .  (These  need  not  be 
mathematical . ) 

15.  If  the  biggest  exponent  of  x  in  an  equation  f(x)  =  0  is  n,  we 
say  that  the  equation  is  of  order  n.  Thus,  3x^  +  4x  +  3  =  0 
is  an  equation  of  order  2. 

Think  out  equations  of  orders  1,  2,  3,  4,  5,  and  6,  one  of 
whose  roots  is  -1. 

16.  Give  at  least  four  examples  of  equations  which  could  not  be 
solved  by  any  real  number  solution. 

17.  Consider  the  following  equations  as  arranged  in  the  five  rows 
below. 

1  =1 
1  +  1  =2 

1  +  2  +  1  =4 

1  +  3  +  3  +  1  =  8 

1  +  4  +  6  +  4  +  1  =  16 

Write  down  the  equation  for  the  seventh  row. 

18.  Write  down  any  theorem  that  you  have  yourself  thought  out. 

19.  Write  down  four  converses  of  theorems.  Three  of  these 
converses  should  not  be  true. 

20.  Write  down  some  sets  of  integers  (m,  n,  q)  which  satisfy  the 

equation  222 

m  +  n  =  q 

The  set  (3,  4,  5)  is  one  such  set. 

21.  Write  down  some  sets  of  integers  (m,  n,  q)  which  satisfy  the 

equation  333 

m  +  n  =  q 

22.  Express  the  idea  of  the  following  equation  in  a  sentence,  as 
concisely  as  you  can. 

1  -13  +  5+  7  +  9+  ....  +2n  -1  =  n 

Construct  a  geometrical  model  to  illustrate  the  idea  that  the 
equation  expresses. 
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Kindly  comment  on  the  validity  of  these  problems: 


CREATIVITY  TEST 


1.  On  the  piece  of  graph  paper  provided,  mark  out  two  points 
A(2,  4)  and  B(-2,  4). 

(a)  Draw  as  many  different  figures  as  you  can  which  pass 
through  these  points. 

(b)  State  the  equations  for  as  many  of  the  figures  you  have 
drawn  as  you  can. 

2.  Write  down  as  many  possible  true  statements  as  you  can  about 
the  following  quadratic  function.  As  far  as  possible  each 
statement  should  deal  with  a  particular  quality  of  the 
function: 

y  =  2x  +  6x  +  4 

3.  Express  the  function: 

y  =  x2  -  lOx  +  25 

in  as  many  different  ways  as  you  can.  You  may  use  any 
operation  you  find  useful. 

4.  Make  up  several  word  problems  which  involve  solution  by 
quadratic  equations.  In  each  case,  state  the  equation,  but  do 
not  solve  it. 

5.  Write  down  five  problems  which  when  expressed  in  mathematical 
form  could  be  solved  by  the  equation: 

x2  -  4x  +  5  =  0 

6.  The  following  expressions  are  arranged  in  a  definite  pattern. 

Try  to  think  out  possible  expressions  that  could  stand  in  place 
of  f (x) ,  and  in  each  case  explain  briefly  how  you  obtained  the 
function:  ~  ^ 

x  +  2x  +  1,  x  +  6x  +  9,  f  (x)  ,  .  .  . 

7.  Suppose  you  wish  to  solve  a  quadratic  equation,  and  you  are 
requested  not  to  use  the  quadratic  formula.  List  possible  ways 
in  which  you  will  solve  the  equation. 

8.  If  one  root  of  a  quadratic  equation  is  less  than  the  other, 
but  greater  than  half  of  it,  list  possible  quadratic  equations 
that  satisfy  this  condition. 


APPENDIX  C 


CATEGORIES  OF  RESPONSES  (FLEXIBILITY  CLASSIFICATIONS) 


The  reader  is  referred  to  subsection  4.4-2  (page  52) 
of  this  thesis  for  an  explanation  of  the  rationale 
of  flexibility  classifications.  The  categories 
given  here  also  include  classifications  of  responses 
from  students  who  were  not  included  in  the  analyses 
of  the  study. 


CATEGORIES  OF  RESPONSES 


Question:  Think  out  true  statement  that  make  use  of  the  idea  of 

a  kasep  in  the  sense  defined  below.  Write  down  ten  of 
them. 

Definition:  A  kasep  is  an  integer  divisible  by  39. 


Category 

Number 


Description 


Original! 

o 

Score 


1*  The  number  39  x  N  where  N  is  an  integer  is  a 
kasep.  A  kasep  is  a  multiple  of  39.  A 
kasep  can  be  expressed  in  set  notation  as 
K  -  {xel:  x  =  39N,  Nel}*  0 

2  A  kasep  is  divisible  by  1,  3,  13,  39.  3 

3  A  kasep  is  a  real  number.  A  kasep  is  an 

integer.  3 

4  Kaseps  are  closed  with  respect  to  addition.  4 

5  Kaseps  are  closed  with  respect  to  subtraction.  4 

6  Kaseps  are  closed  with  respect  to  multiplication.  4 

7  There  is  an  infinity  of  kaseps.  4 

8  N(^  K  mod  39)  is  not  a  kasep.  (Nel,  Kel) .  4 

9  The  only  numbers  which  divide  all  kaseps  are 


1,  3,  13,  39. 

4 

10 

Kaseps  are  not  primes 

• 

4 

11 

Kaseps  may  be  even  or 

odd . 

4 

12 

The  largest  number  of 
numbers  A  and  B  where 

kaseps  between  real 

B  -  A  =  100,  is  3. 

4 

*Note : 


1  is  used  in  this  Appendix  to  denote  the  set  of 
all  integers. 


Category 

Number 


Description 
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Originality 
Score 

13  As  kaseps  increase  in  ascending  order  of 
positive  kaseps,  the  unit  digits  are  observed 
to  decrease,  viz: 

39_,  78,  117 ,  156,  195,  234,  273_,  312,  35JL.  4 

14  Kaseps  may  be  positive  or  negative.  4 

15  The  smallest  positive  kasep  is  39 .  4 

16  A  ±  B  is  a  kasep  if  A  -  ±B  mod  39.  4 

17  A  proper  fraction  is  not  a  kasep.  4 

18  The  number  39n  where  n  is  a  positive  integer, 

is  a  kasep.  4 

19  The  additive  identity  for  the  set  of  all 

kaseps  is  0.  4 

20  Not  all  kaseps  are  the  same,  as  for  example, 

78  and  195  are  kaseps  but  78  ^  195.  4 

21  The  greatest  negative  kasep  is  -39.  4 

22  The  square  of  a  kasep  is  a  kasep.  4 

23  When  a  kasep  is  divided  by  zero,  the  result 

is  undefined.  4 

24  There  are  only  two  kaseps  between  0  and  110.  4 

25  The  graph  of  K  =  39N  is  linear.  4 

26  If  A,  B,  C,  are  kaseps,  A(BC)  =  (AB)C  4 

27  Every  integer  can  be  expressed  as  the  quotient 

of  a  kasep  and  39.  4 

28  If  K  is  a  kasep  then  K  =  39.  4 

29  If  K  is  a  kasep,  K  x  0  =  0.  4 

30  The  product  of  a  kasep  and  an  even  number  is 

an  even  number.  4 


Category 

Number 

31 

32 

33 

34 

35 

36 

37 

38 

39 

40 

41 


Description 
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Originality 

Score 


If  we  designate  a  kasep  as  kasep(n)  =  39n, 

n  I,  then  kasep (i)  +  kasep(j)  =  kasep (i+j), 

i,j,  el.  4 

An  integer  divisible  by  a  kasep  is  also  a 

kasep.  4 

Kaseps  are  not  closed  with  respect  to  division. 

There  is  no  multiplicative  identity  in  the  set 


of  kaseps.  4 

Kaseps  are  not  associative  for  subtraction.  4 

Kaseps  are  not  associative  for  division.  4 

Kaseps  are  not  commutative  with  respect  to 
subtraction.  4 

Kaseps  are  associative  with  respect  to  addition.  4 

For  a  non-zero  kasep  - — — —  <  %  4 

r  kasep 

Not  all  factors  of  a  kasep  are  divisible  by  3.  4 

There  is  no  multiplicative  identity  in  the  set 
of  kaseps.  4 

An  integer  divisible  by  a  kasep  is  also  a 

kasep.  4 
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Question: 


Category 

Number 

1 

2 

3 

4 

5 

6 

7 

8 

9 


The  following  three  numbers  are  arranged  according  to  a 
definite  pattern.  Try  to  think  out  five  possible  values 
of  x  and  in  each  case  explain  briefly  how  you  obtained 
this  value. 

25,  625,  x 


Possible 
value  of 
x 


Reason/ Pat tern 


Originality 

Score 


58  Multiply  each  term  by  52  . 

Pattern  is  52,  54,  58  .  .  .  . 

(nth  term  is  52n)  1 

58  Square  the  previous  term. 

Pattern  is  52,  54  ,  58.... 

(nth  term  is  52  )  1 

1225  Add  600  to  previous  number. 

(nth  term  is  600n  -  575)  2 


25±d 


Pattern:  52,  [(5^  x  58 

[  (54)%  x  5 3  =  5 5 ] 

(nth  term  is  5(8  2  ') 


- 


54], 


Alternating  sequence:  25,  625, 
25±d ,  625±d . . . . 


625  x  N  +  M  25,  (25  x  N  +  M  r-  625), 

(625  x  N  +  M) , . . . . 

(N,M,  are  any  positive  real  numbers) 

625  x  N  -  M  25,  (25  x  N  -  M  =  625), 

(625  x  N  -  M) , _ 

(N,M,  are  positive  real  numbers). 

625N  -  M  25,  (25N  -  M  =  625),  (625N  -  M) , . . . . 

(N,M,  are  positive  real  numbers) . 

10,000  n^  term  is  3n_ 


8 


1  nn+1 

—  x  10 


4 

4 

4 

4 

4 

4 


312,625  25,  [25  x  4  *  (5/25)  +  125], 

[625  x  4  t  (5/625)  +  125] , . . . . 


10 


4 
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Category- 

Number 

Possible 
value  of 

Reason/Pattern  Originality 

Score 

X 

11 

725 

Add  two  leftmost  digits,  sub¬ 
tract  one,  multiply  the  result 
by  100,  then  add  25.  Thus  25, 

625,  725,  825,.... 

4 

12 

3825 

[Square  of  leftmost  digit  +  2]  x 

100  +  25. 

4 

13 

12625 

10n  x  [6  x  (n-1)]  +  Previous  Term, 
where  the  first  term  is  25. 

4 

14 

6625 

n  term  is  (n  -  l)th  term  +  6  x 

10n,  where  the  first  term  is  25. 

4 

15 

625  =  f(25,x).  x  is  then  calculated 
from  f. 

3 

16 

26 

25, 625, 26, 262,  27  ,  272,.... 

4 

17 

3625 

25,625,3625,73625,473625, .... 

4 

18  (10 

,000  +  125) 

(20+5) ,  (20  x  10  +  400  +  52) , 

(600  x  10  +  400  x  10  +  53)  ,  .  .  .  . 

4 

19  (625 

x  20  +  125). 

25,  (25  x  20  +  125),  (625  x  20 
+  125)  ,  .  .  .  . 

4 

20 

The  numbers  are  in  a  certain  specific 
ratio.  Thus  for  example,  25  :  625 

: :  x : 100 . 

4 

21 

5625 

Each  number  repeats  the  digits  of 
the  previous  number,  adding  digits 
to  the  left  in  the  repeating  order, 

5, 2, 6, 5, 2, 6,....  Thus,  25,  625, 

5625,  25625,.... 

4 

22 

31,250 

25,  (251  x  1  x  25),  (252  x  2  x  25), 

(253  x  3  x  25)  ,  .  .  .  . 

4 

23 

452 

n^  term  is  [25  +  20(n-2)]2 

4 

24* 

1825 

T  ,  =  [Sum  of  digits  of  T  ]2  +  135 
n+1  n 

(T !  -  25) 

4 

*  T  denotes  the  n^1  term. 

n 


term . 


Category  Possible 
Number  value  of 


Reason/Pattern 


Originality 

Score 


x 


25  (625  +  24  x  625)  25,  (25  +  24  x  25), 

(625  +  24  x  25)  ,  .  .  .  .  4 


26 

1825 

T  ,  =  T  +  2n  1  x  600. 

n+1  n 

(TX  -  25). 

4 

27 

31250 

T  -  =  T  x  25  x  2n_1 
n+1  n 

(Ti  =  25) 

4 

28 

Alternating  increasing  sequence, 
e.g.  25,  625,  50,  1250,  (25x3), 
(600x3+75) , . . . . 

4 

29 

19225 

25,  [5  +  10  x  (31  x  2)]  -  625, 

[5  +  10  x  (31  x  62) ]  =  19225, .... 

4 

30 

650 

25,  [ 25x (25+0) ] ,  [ 25x (25+1) ] , . . . . 

4 

31 

25 

25,  [650-25],  [ 650- (650-25) ] , _ 

4 

32 

1875 

25, (1/5  of  25  x  125  -  625) , 

(1/5  of  625  x  125  =  1875) , . . . . 


4 
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Question:  Think  out  five  practical  ways  of  representing  a  mapping. 

One  practical  way  is  to  think  of  a  mapping  as  a  pop 
machine,  where  one  puts  in  a  coin  and  gets  a  pop. 

Thus  coin  is  mapped  into  pop. 

The  investigator  experienced  considerable  difficulty  in 
meaningfully  classifying  the  responses  to  this  question.  Most 
of  the  responses  given  were  similar,  consisting  mainly  of 
attempts  to  produce  ideas  similar  to  the  example  given.  The 
flexibility  mark  for  this  question  was  calculated  by  the 
investigator  as  the  number  of  different  responses  that  a 
student  gave  as  judged  by  the  investigator  after  considering 
the  pattern  of  responses  that  the  student  made  for  this  question. 

No  originality  mark  was  given. 
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Question:  (a)  Write  down  seven  sets  of  integers  (m,  n,  q)  which 

satisfy  the  equation:  m2  +  n2  =  q2 

The  set  (3,  4,  5)  is  one  such  set. 

(b)  Write  down  seven  sets  of  integers  (m,  n,  q)  which 
satisfy  the  equation:  m3  +  n3  =  q3 

(a) 

Category  Description  Originality 

Number  Score 


1 

3a,  4a,  5a* 

2 

2 

-n,  0,  n 

4 

3 

-3a,  -4a,  5a 

4 

4 

-3a,  -4a,  -5a 

4 

5 

-n,  0,  -n 

4 

6 

-4a,  -3a,  5a 

4 

7 

o 

* 

o 

o 

4 

8 

0 ,  n,  n 

4 

9 

n ,  0 ,  n 

4 

10 

-3a,  4a,  5a 

4 

11 

3a,  -4a,  -5a 

4 

12 

5a,  12a,  13 

4 

13 

12a,  5a,  13a 

4 

14 

-12a,  -5a,  -13a 

4 

15 

3a,  4a,  -5a 

4 

16 

-4a,  -3a,  -5a 

4 

*Note: 


a  and  n  are  any  positive  integers. 
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Category 

Number 

Description 

17 

0,  -n,  n 

18 

24a,  7a,  25a 

19 

40a,  9a,  41a 

20 

8a,  15a,  17a 

21 

0,  -n,  -n 

22 

0,  n,  -n 

23 

5a,  12a,  -13a 

24 

n,  0,  -n 

25 

4a,  3a,  -5a 

i 

Category 

Number 

Description 

1 

0 ,  n,  n 

2 

n,  -n,  0 

3 

o 

#\ 

e 

G 

1 

4 

-n,  0,  -n 

5 

0,  -n,  -n 

6 

n,  0 ,  n 

7 

o 

o 

rs 

o 

Originality 

Score 

4 

4 

4 

4 

4 

4 

4 

4 

4 


Originality 

Score 

4 

4 

4 

4 

4 

4 


4 
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Question:  On  the  piece  of  graph  paper  provided,  mark  out  two  points 

A(2,4)  and  B(-2,4). 

(a)  Write  down  any  three  relations  whose  graphs  contain 
these  points. 

(b)  Draw  seven  different  figures  which  pass  through 


these  points. 


(a) 

Category 

Number 


Description 


Originality 

Score 


1  (x,y:  y  =  2x2  -  4,  xe  R}* 

{x,y:  y  =  x2,  xeR} 

For  suitable  real  numbers  a  and  b, 

{x,y:  y  +  a  =  (x  +  b)2,  xeR}  2 


2 

(x,y : 

y2  =  4x2 , 

x , y  e  R} 

(x,y: 

|  x  |  =  2  , 

ye  R} 

4 

3 

{x,y : 

y  =  4,  xe 

R} 

2 

4 

(x,y: 

V  II 

X 

V  II 

CM 

l 

2,  x,y  e  R) 

4 

5 

(x,y: 

1  3  1 

y  =  1  x J  | 

2 

xeR} 

4 

6 

(x,y: 

y2  ~2  |x3 

|  ,  xeR} 

4 

7 

(x,y: 

x2  +  y2  = 

20,  x,y  e  R} 

4 

8 

(x,y: 

y 2  -  x2  = 

12,  x , y  e  R} 

4 

*Note:  R  denotes  the  set  of  real  numbers  in  the 

descriptions  above. 
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(b) 


Category 

Number 


Verbal  Description  of  Figure  Originality 

Score 


1 


Geometric  Regions 


4 


2 


Circles,  Ellipses,  Non-convex 

simple  closed  curves.  0 


3  Straight  lines  1 

4  Parabolas  1 


5  Pairs  of  Straight  lines,  Triangles.  1 

6  Quadrilaterals  2 

7  Open  rectilinear  figures  bounded  by 

three  straight  lines.  4 

8  Closed  curves  having  only  one 

intersection.  4 


9 

10 

11 

12 

13 

14 

15 

16 

17 

18 


Hyperbolas  and  pairs  of  disjoint  curves.  4 

Simple  arcs  4 

Cubic  curves  4 

Combination  simple  closed  curve 

involving  a  triangle  and  an  arc.  4 

Combination  hexagon  and  octagon 

having  only  one  point  in  common.  4 

Open  seven  sided  rectilinear  figure.  4 


Combination  triangle  and  capital  D 
shaped  curve  having  only  one  point 


in  common.  4 

Cardiod  4 

Open  seventeen  sided  rectilinear 

figure.  4 

Curled  arc  having  arrow  heads.  4 
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Question:  The  following  three  functions  are  arranged  in  a  definite 

pattern.  Try  to  think  out  five  possible  functions  that 
could  stand  in  place  of  f(x),  and  in  each  case  explain 
briefly  how  you  obtained  the  function: 

(x2+2x+l) ,  (x2+6x+9) ,  f(x),.... 


Note : 

F  denotes  the 

n 

n*^1  function  for  integer  n. 

Category 

f(x) 

F 

Originality 

Number 

_ n 

Score 

1. 

(x2+10x+17) 

[x2+(4n-2)x+(8x-7) ] 

4 

2. 

(x2+10x+81) 

[x2+(4n-2)x+9n  ^ ] 

4 

3. 

(x2+18x+81) 

[ (x+3n_1 ) 2 ] 

3 

4. 

(x+5) 2 

[ (x+(2n-l) ) 2 ] 

1 

5. 

(x2+10x+(5/3)2) 

[x2+(4n-2)x+( (2n-l) / (2n-3))2] 

4 

6 . 

(x+27) 2 

[ (x+32n_1_1) 2 ] 

4 

7. 

(x+81) 2 

[(^3«3n_1-l))^] 

4 

8. 

(x+243) 2 

[(x+31/3(An-1-1))2] 

4 

9. 

(x2+18x+17) 

[x2+2 (3n_1)x+8n-7) ] 

4 

10. 

(x+7)  2 

[(x+(2n-l))2] 

4 

11. 

(x+/17) 2 

[  (x+/ (8n-7)  )  2  ] 

4 

12. 

(x2+18x+7  29) 

[x2+2(3n_1)x+32n_2] 

4 

13. 

(x2+14x+25) 

[x2+2 (n2-n+l)x+4n2-4n+l] 

4 

14. 

(x2+12x+36) 

[ (x+n/ 2 (n+1) ) 2 ] 

4 

15. 

(x+7)2 

[ (x+n2 -n+1) 2 ] 

4 

16. 

(x+12) 2 

[ (x+%( (n+1) ! ) ) 2 ] 

4 

' 
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Category  f (x) 

Numb  er 


Pattern 


Originality 

Score 


17.  (x+4)2 


18.  (x+1)2 


For  real  numbers  a  and  b, 
whenever  F^-(x+a)2,  and 

F^+^= (x+b) 2 ,  then 

F  ,  =(x+(a+b) ) 2 .  Here, 
n+2 

Fi  =  (x+1)2,  and  F2=(x+3)2.  4 

Alternating  Sequence.  If  n 

is  odd,  F  =(x+l)2.  F  =(x+3)2 
n  n 

otherwise.  4 


19.  g(x) 


Where  g(x)  is  some  sombination 
of  (x+1)2  and  (x+3)2.  4 


20.  (x+11) 2 


For  real  number  a,  whenever 

F  -(x+a)2,  then  F  , , = (x+a2+2) 2 . 
n  n+1 

Here,  Fi=(x+1)2. 


21.  (x+11)2 


For  real  number  a,  whenever 

F  =(x+a)2,  then  F  ,  = (x+a (2a+l) ) 2 .  4 
n  n+1 


22.  (x-5) 2 


For  real  number  a,  whenever 

F  =(x+a)2,  then  F  =(x+4-a2)2.  4 

n  n+i 


23.  (x+29) 2 


For  real  number  a,  whenever 

F  =(x+a)2,  F  -(x+a3+2)2. 
n  n+1 


4 


154 


Category  f(x) 

Number 

Pattern  Originality 

Score 

24.  (x2+214x+733) 

For  real  numbers  a  and  b, 

whenever  F  =(x2+ax+b), 

n 

F  = (x2+(a3-2)x+(b3+8) ) . 

n+i 

Here,  Fi=(x2+2x+1) .  4 

25.  (x2+90x+225) 

For  real  numbers  a  and  b, 

whenever  F  =x2+ax+b, 

n 

F  ,  =x2+a  (a+b)x+(a+b)  2  .  /. 

n+1  4 

26.  (x2+30x+225) 

For  real  numbers  a  and  b, 

whenever  F  =x2+ax+b, 

n 

Fn+1=(x+(a+b))2.  4 

27.  (x2+18x+57) 

For  real  numbers  a  and  b, 

whenever  F  =x2+ax+b, 

n 

F  ,  =x2+3ax+2a+5b .  4 

n+1 

28.  (x2+18x+33) 

For  real  numbers  a  and  b, 

whenever  F  =x2+ax+b , 

n 

F  , , =x2+3ax+(6+4a) .  4 

n+1 

29.  (x+15) 2 

For  real  number  a,  whenever 

F  =(x+a)2,  F  = (x+a (2+a) ) 2 .  4 

n  n+1 

30.  (x+33) 2 

For  real  number  a,  whenever 

F  =(x+a)2,  F  = (x+a (a2+2) ) 2 .  4 

n  n+1 

4 


Category  f (x) 

Number 


31.  (x2+22x+73) 


32.  (x2+72x+17) 


33.  (x2+38x+89) 


34.  (x+43) 2 


35.  (x2+38x+121) 


36.  (x2+214x+738) 


37.  (x2+42x+17) 


Pattern 


For  real  numbers  a  and  b, 

whenever  F  =xz+ax+b, 

n 

F  =x2+(4a-2)x+8b+l 

n 


For  real  numbers  b  and  c, 

whenever  F  =x2+bx+c, 

n 

F  =x2+2b2x+c2+8 
n+1 


For  real  numbers  b  and  c, 

whenever  F  =x2+bx+c, 

n 

F  =x2+(b2+2)x+(c2+8) 
n+1 


For  real  number  a,  whenever 

F  =  (x+a)  2  ,  F  =  (x+(4a-l)  )  2 
n  n+1 


For  real  numbers  b  and  c, 

whenever  F  =x2+bx+c, 

n 

F  -x2+(b2+2)x+(c+2)2. 
n+1 


For  real  numbers  b  and  c, 

whenever  F  =x2+bx+c, 
n 

F  =x2+(b3-2)x+(b3+9) . 
n+1 


For  real  numbers  b  and  c, 

whenever  F  =x2+bx+c, 
n 

F  =x2+b (b+l)x+c+8 . 
n+1 
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Originality 

Score 


4 


4 


4 


4 


4 


4 


156 


Category 

Number 

f(x) 

Pattern 

38. 

(x2+646x+17 ) 

For  real  numbers  b  and  c 

whenever  F  =x2+bx+c, 
n 

F  =x2+(  (b'f-4) /2)x+c+8  . 

n+1 

Originality 

Score 


4 


39.  (x+10) 2 


For  real  numbers  a  and  b, 

whenever  F  =(x+a)2,  and 
n 

F  ,  =  (x+b)  2  ,  F  =  (x+(a2+b2)  )  2  .  4 

n+1  n+Z 


40.  (x-1)2 


For  real  number  a,  whenever 

F  = (x+a) 2 ,  F  = (x+(5-2a) ) 2 .  4 

n  n+1 
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Question:  Make  up  five  word  problems  which  involve  solution  by- 

quadratic  equations.  In  each  case,  state  the  equation, 
but  do  not  solve  it. 

In  this  problem,  each  flexibility  category  received  an 
originality  score  of  4. 

Categories 

1 .  Finding  Number  Problems 

Example:  Find  three  consecutive  integers  whose  squares  add  up 

to  77. 

Equation:  x* 2  +  (x+l)‘2f(x+2) 2=77 . 

2.  Maximum  Profit  Problems  involving  the  Counterbalancing  of 
Loss  and  Gain 

Example:  A  farmer  has  2,000  beef  cattle.  Today  he  will  get  200 
dollars  a  head.  10  cows  die  each  week.  The  price  per  head  rises 
50  dollars  a  week.  When  should  he  get  them  slaughtered  to  make 
the  most  money? 

Equation:  (2,000-10x) (200-50x)=P (x) . 

3 .  Maximum  and  Minimum  Area  Problems 

Example:  What  is  the  largest  area  that  can  be  enclosed  with  1,000 

feet  fence? 

Equation:  A~x ( 1000-2x)  . 

2 

4 .  Pro blems  using  x2 ,  x,  and  a  constant — Simple  additive  ideas 
Example:  John  had  x2 apples.  June  6x  apples.  Together  they  had  49 
apples.  How  many  did  each  have? 

Equation:  x2+6x=49. 
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5 .  Finding  Number  Problems  involving  Maxima  and  Minima 

Example:  Find  two  numbers  whose  product  is  12,  and  whose 

difference  is  a  minimum. 

Equation:  x (x-12) =f (x) . 

6 .  Finding  Length  or  Breadth  of  Rectangular  Fields 

Example:  A  rectangular  parking  area  is  surrounded  by  a  fence. 

Its  area  is  500  sq.  feet.  The  length  is  20ft.  longer  than  the 
width.  How  long  is  the  width? 

Equation:  x(x+20)=A=500 . 

7 .  Problems  involving  Areas  of  Rectangular  Borders 

Example:  Two  boys  decided  that  each  should  cut  half  of  the  area 

of  a  (40x60)  lawn.  If  one  cuts  a  path  of  equal  width  around  the 
edge  of  the  lawn,  how  wide  should  the  path  be? 

Equation:  (60-2x) (40-2x) =1200 . 

8 .  Problems  involving  Geometrical  Figures 

Example:  Three  sides  of  a  right  angled  triangle  are  consecutive 

integers.  Find  the  sides. 

Equation:  x2+(x+l) 2~ (x+2) 2 . 

9 •  Finding  Missing  Coefficients 

Example:  What  is  the  missing  term  in  the  following  equation? 


x2+  x+23 — 2 . 
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1 0 .  Finding  Characteristics  of  a  quadratic  func t  i  o  n 

Example:  State  the  x  and  y  intercepts  of  the  following: 

y-x^-4x-5 . 

11 .  Using  the  Law  of  Gravity 

Example:  If  a  cannon  ball  is  shot  upwards  at  500  ft/sec.,  how  far 

will  it  go  before  falling? 

Equation:  d  =  500t-16t2 

1 2 .  Finding  number  of  articles  given  cost  or  vice  versa 

Example:  Footballs  of  which  there  were  3  more  than  10  times  the 

cost  in  dollars  will  sell  for  50  dollars  altogether.  What  is  the 
cos  t : 

Equation:  x(10x+3)=50. 

13 .  Finding  Age 

Example:  If  Mary  is  x  years  old  today,  3  years  ago  multiplied  by 

her  present  age  will  give  her  father's  age  which  is  39.  Find 
Mary's  age. 

Equation:  x(x~3)  =  39. 

14 .  Finding  Velocity 

Example:  A  man  travels  350  miles  going  at  x  m.p.h.  If  he  increases 

his  speed  by  10  m.p.h.,  the  time  needed  is  3  hours  less.  What  is 

his  present  speed? 

Equation:  350  =  350  +  2. 

x  x+10 
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15.  Problems  leading  to  solutions  involving  Two  Binomials  (not 
otherwise  classified) 

Example:  A  number  of  objects  were  put  in  a  box  and  the  same 
number  in  another  box.  If  one  more  is  added  to  one  box  and  two 
to  the  other,  their  product  is  172.  What  was  the  original  number 
of  objects  in  each  box? 

Equation:  (x+1) (x+2)  =  172. 

16 .  Finding  Areas  given  Perimeter  or  Length  and  Breadth 

Example:  An  apartment  is  twice  as  high  as  it  is  wide.  The  width 

is  (x+8)  feet.  What  is  the  area? 

Equation:  A  =2 (x+8) (x+8) . 
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Question: 


Category 

Number 


1 

2 


3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 


Write  down  up_  jto  ten  true  statements  about  the  following 
quadratic  function.  As  far  as  possible  each  statement 
should  deal  with  a  particular  mathematical  quality  of 
the  function: 
y  =  x2-5x+6. 

Description  Originality 

Score 


The  graph  of  the  function  is  a  parabola.  3 

The  function  is  a  quadratic  function  and  all 
general  properties  of  a  quadratic  function 
apply  to  it.  Thus  it  can  be  put  in  vertex 
form  etc.  3 

The  axis  of  symmetry  is  the  line  x  =  5/2.  2 

The  parabola  is  concave  upwards.  3 

There  are  two  real  x  intercepts  :  2  and  3.  3 

The  y  intercept  is  6.  2 

The  vertex  is  at  the  point  x  =(5/2),  y  =  -(1/4).  2 

The  domain  is(x:  xeR}.  The  range  is 

{y :  y  > (%) ,  yeR} .  4 

Examples  of  ordered  pairs  determined  by  the 
function.  3 

(x-2)  and  (x-3)  are  the  factors  of  y.  3 

The  sum  of  the  roots  of  the  quadratic  equation 
formed  when  y  =  0  is  5,  and  the  product  is  6.  3 

Points  on  the  parabola.  4 

y  increases  as  x  decreases  from  0  to  negative 
values.  4 

Sketch  of  graph.  4 


Category 

Number 


Description 


Originality 

Score 


15  The  function  is  not  a  perfect  square. 

16  ciy_  =  2x  -  5. 
dx 

17  d2y  =  2 

d^? 

18  Area  is  given  by  /  ydx  =  _1  3  _  J5  2  6x  +  c 

3X  2X  + 

19  The  x  intercepts  and  the  roots  of  the  quadratic 
equation  of  the  function  are  the  same. 

20  The  x-axis  is  not  tangential  to  the  parabola. 


4 

4 

4 

4 

4 
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APPENDIX  E 

CORRELATIONS 

The  correlation  matrix  for  the  following  ten  variables  is 


given  in  this 

appendix  on  page  204. 

Variable 

Description 

1. 

Pre-treatment  Fluency 

2. 

Pre-treatment  Flexibility 

3. 

Pre-treatment  Originality 

4. 

Post-treatment  Fluency 

5. 

Post-treatment  Flexibility 

6. 

Post-treatment  Originality 

7. 

Verbal  I.Q. 

8. 

Non-verbal  I.Q. 

9. 

Pre-treatment  Total  Response 

10. 

Post-treatment  Total  Response 

The  number  of  persons  was  286,  including  the  231  subjects 
of  this  study,  and  students  from  two  classes  (a  mathematizing 
class  and  an  expository  class)  who  had  not  been  included  in  this 
study  because  they  had  not  been  taught  by  the  same  teacher. 
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APPENDIX  F 

TESTS  SUBMITTED  TO  TEACHERS 


This  appendix  contains  the  pre-test  and  the  post-test  as 
submitted  to  the  teachers.  The  investigator  had  originally  planned 
that  the  subjects  should  answer  six  pre-test  problems  in  one  hour. 
On  being  informed  that  only  forty  minutes  could  be  allowed  for  the 
pre-test,  the  investigator  requested  the  teachers  to  administer 
the  test  for  the  forty-minute  period,  requesting  the  students  to 
attempt  problems  1,  2,  4,  and  6.  If  time  allowed,  they  were  to 
attempt  3  and  5.  The  subjects  were  marked  only  on  problems  1,  2, 

4,  and  6.  The  four  post-test  problems  were  to  be  administered  in 
forty  minutes. 


CREATIVITY  TEST 


ONE  HOUR 


NAME 


NUMBER 


SCHOOL 


In  solving  these  problems,  please  try  to 

1.  think  as  fast  as  you  can, 

2.  think  out  as  many  kinds  of  ideas  as  you  can, 

3.  think  out  as  many  ideas  of  your  own  as  you  can. 

Please  answer  ALL  questions 

1.  Think  out  true  statements  that  make  use  of  the  idea  of  a  kasep, 
in  the  sense  defined  below.  Write  down  ten  of  them. 

Definition :  A  kasep  is  an  integer  which  is  divisible  by  39. 

2.  The  following  three  numbers  are  arranged  according  to  a  definite 

pattern.  Try  to  think  out  five  possible  .values  of  x  and  in  each 

case  explain  briefly  how  you  obtained  this  value. 

25,  625,  x 

3.  Write  down  five  equations  which  could  not  be  solved  by  any  real 
number  solution. 

4.  Think  out  five  practical  ways  of  representing -a  mapping.  One 
practical  way  is  to  think  of  a  mapping  as  a  pop  machine,  where  one 
puts  in  a  coin  and  gets  a  pop.  Thus  coin .is  mapped  into  pop. 

5.  Give  five  examples  of  operations  which  are... not  commutative . 

6.  (a)  Write  down  three  sets  of  integers  (m,  n,  q)  which  satisfy  the 

equation : 

2  2  2 
m  +  n  =  q 

The  set  (3,4,5)  is  one  such  set. 

(b)  Write  down  seven  sets  of  integers  (m,  n,  q)  which  satisfy  the 
equation : 


3 


3 


3 
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207 


NAME 


NUMBER 


SCHOOL 


In  solving  these  problems,  please  try  to: 

1.  think  as  fast  as  you  can 
2  .  think  out  as  many  kinds  of  ideas 
as  you  can 

3.  think  out  as  many  ideas  of  your 
own  as  you  can. 


Please  answer  ALL  questions 


1.  On  the  piece  of  graph  paper  provided,  mark  out  two  points  A(2,  4) 
and  B ( -2 ,  4) . 

(a)  Write  down  any  three  relations  whose  graphs  contain 
these  points . 

(b)  Draw  s even  different  figures  which  pass  through  these  points. 


2.  The  following  three  functions  are  arranged  in  a  definite  pattern. 
Try  to  think  out  five  possible  functions  that  could  stand  in  place 
of  f (x) ,  and  in  each  case  explain  briefly  how  you  obtained  the 
function : 

(x2  +  2x  +  1),  (x2  +  6x  +  9),  f (x) ,  .  .  . 


3. 


Make  up  five  word  problems  which  involve  solution  by  quadratic 
equations.  In  each  case,  state  the  equation,  but  do  not  solve  it. 


4. 


Write  down 
f  unction . 
particular 


up  to  ten  true  statements  about  the  following  quadratic 
As  far  as  possible  each  statement  should  deal  with  a 
mathematical  quality  of  the  function: 


y 


x 


5x+  6 


' 


